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ABSTRACT
We express the eigenvectors of the Laplacian matrix of a graph as 
a linear combination of the eigenvectors of the effective resistance 
matrix of that graph and vice versa. We find partial fraction expan-
sions for the eigenvalues of either matrix in terms of the spectrum of 
the other matrix as well as the explicit characteristic polynomials and 
some sums of powers of eigenvalues. We also improve the bounds 
of the Interlacing Theorem for the eigenvalues of the Laplacian and 
effective resistance matrix of a same graph.
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1. Introduction

We consider an undirected, unweighted and connected graph G, whose corresponding 
graph-related matrices are symmetric. The graph G contains a set N  of N nodes and a set 
L of L links. As mentioned in my book [1], I believe that, after the adjacency matrix A and 
the Laplacian matrix Q of a graph G, the e!ective resistance matrix ω is the third important 
matrix associated with graph G. The e!ective resistance matrix ω is closely related to the 
Laplacian matrix by

ω = εuT + uεT → 2Q† (1)

where u = (1, 1, . . . , 1) is the unity vector or all-one vector, the vector ε = (Q†
11,Q

†
22, . . . ,

Q†
NN) and Q† is the pseudoinverse of the Laplacian [2], [1, Secion 4.2]. In a graph G, two 

di!erent types [3] of transport are possible that lead to either “path networks”, such as 
telecommunication and transportation networks (for e.g. IP packets, cars, trains, ships, 
airplanes), or ‘"ow networks’, such as power grids and utility (water, gas, etc.) networks. In 
a path network, the transport of items follows a single path Pij between a node pair (i, j), 
whereas in a "ow network, the transport from node i to node j propagates over all possible 
paths from node i to node j. The e!ective resistance matrix ω plays a crucial role in ‘"ow 
networks’, such as electrical resistor networks [1, art. 14].

The e!ective resistance matrix ω is a distance matrix [1, art. 8]. The spectrum of distance 
matrices was overviewed by Aouchiche and Hansen [4]. A fundamental relation in the 
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theory of the e!ective resistance matrix ω is Fiedler’s block matrix [5],[1, (5.17)]
)︄

0 uT
u ω

[︄→1
=

)︄ →2ϑ 2 pT
p → 1

2Q

[︄
with ωp = 2ϑ 2u (2)

where the N ↑ 1 vector p, de#ned as

p = 1
2
Qε + u

N
(3)

with norm equal to

pTp =
]︄]︄p

]︄]︄2
2 = 1

4
εTQ2ε + 1

N
(4)

obeys pTu = 1, and where1

ϑ 2 = RG
N2 + 1

4
εTQε (5)

and RG = NuTε = 1
2u

Tωu = N trace(Q†) is the e!ective graph resistance, an important 
graph metric [1, Section 5.2], which is also known as the Kirchho! index. The e!ec-
tive resistance matrix ω possesses interesting geometric properties, recently explored by 
Devriendt and colleagues [6–8]. They demonstrate that the vector p in (3) has several fun-
damental properties and that ϑ 2 in (5) can be interpreted as a variance of a distribution on 
a graph. In particular [9], the vector p can be interpreted as a discrete scalar curvature on 
a graph, p is the solution of the optimization problem max

x
xTωx for the vector x subject 

to xTu = 1 and that maximum equals 2ϑ 2 = pTωp, where

ϑ 2 = 1
4

⌊︄

⌋︄
i,j

⌈︄
↓L

⌋︄
ϖik → ϖjk

⌈︄2

for any node k in the graph G and where ϖij = ϖji is the e!ective resistance between node 
i and j. We also add that the vector p is the barycentric coordinate of the circumcenter 
of the simplex S of the graph [10] and ϑ  is the radius of the circumcircle of the simplex 
S. Each component εi = Q†

ii of the vector ε  has the property that 1εi  equals [5, Corollary 
1.4.14 on p. 23] the altitude of the vertex i in the simplex S towards the face containing all 
other vertices2 . Following the geometry-inspired terminology of Devriendt, the vector p
is called the ‘resistance curvature’ and ϑ  is the ‘resistance radius’ of the circumcircle of the 
simplex S. In comparison with the Laplacian Q = ϱ → A, where ϱ is the diagonal matrix 
with element ϱii = di equal to the degree of node i and being a component of the degree 
vector d = (d1, d2, . . . , dN), we emphasize that the vector ε , which we may call the ‘inverse 
simplex-altitude’  vector, is equally important as the degree vector d, which is perhaps the 
most prominent characterizing vector of any graph. The inverse simplex-altitude vector ε , 

1 Unfortunately, there is an error in [1, p. 182], where ϑ 2 = RG + 1
4 ε

TQε  is written, whereas (5) correct is.
2 Any undirected graph G, with N nodes and L links, possesses a simplex S in the (N → 1)-dimensional Euclidian space, 
consisting of N vertices. Each vertex in the simplex S corresponds with a node in the graph G, but a link in the graph G does 
not correspond to an edge in the simplex S. To avoid confusion, we have proposed in [1, p. 2] to use nodes and links in a 
graph G, while vertices and edges in the simplex S of that graph G.
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whose component εi quanti#es the spreading capacity in node i, is studied in [2], where 
the upper bound for the Euclidean norm εTε = ↔ε↔22 is deduced

εTε =
N⌊︄

m=1

⌉︄
Q†
mm

{︄2
↗

)︄
1 → 1

N

[︄ N→1⌊︄

n=1

1
µ2
n

(6)

which is tight in the sense that equality is achieved if Q†
mm = RG

N2  for any node m in the 
graph. Such a graph, characterized by ε = RG

N2 u, is called ‘resistance-regular’ [11].
The eigenvalue equation for the N ↑ N symmetric Laplacian matrix Q of the graph G is

Qzk = µkzk (7)

where µk is the k-th eigenvalue of Q belonging to the eigenvector zk, normalized by zTk zk =
1. The real eigenvalues are ordered as in [1]: µ1 ↘ µ2 ↘ . . . ↘ µN = 0. Any Laplacian 
matrix [1, art. 102] possesses the eigenvector zN = u≃

N
 belonging to the smallest eigenvalue 

µN = 0. The eigenvalue equation [1, Section 5.5] of the N ↑ N non-negative, symmetric, 
e!ective resistance matrix ω of the graph G is

ωvj = ςjvj (8)

where ςj is the j-th eigenvalue of ω belonging to the normalized eigenvector vj, i.e. vTj vj =
1, for 1 ↗ j ↗ N. The real eigenvalues are ordered as ς1 ↘ ς2 ↘ · · · ↘ ςN .  The e!ec-
tive resistance matrix ω in a connected graph has N→1 negative eigenvalues (see e.g. [1, 
Theorem 34], but also Theorem 1 below) and only the spectral radius ς1 = → }︄N

j=2 ςj > 0
is positive and detω ⇐= 0.

Here, we explicitly express the eigenvectors v1, v2, . . . , vN and eigenvalues ς1, ς2, . . . , ςN
of the e!ective resistance matrix ω in terms of the eigenvectors z1, z2, . . . , zN = u≃

N
and eigenvalues µ1 ↘ µ2 ↘ . . . ↘ µN = 0 of the symmetric Laplacian matrix Q of an 
unweighted3 , undirected graph G, and vice versa.

The article is outlined as follows. Section 2 starts by deriving two ‘generalized eigenvalue 
equations’ that are consequences of Fiedler’s fundamental block-matrix equation (2). The 
remainder of the article concentrates on spectral decomposition and insights deduced from 
those two generalized eigenvalue Equations (10) and (11). We express the eigenvectors of 
the e!ective resistance matrix ω as a linear combination of the eigenvectors of the Laplacian 
matrix Q and vice versa in Section 3. Section 4 deduces partial fractions of the eigenval-
ues of ω in terms of the spectrum (i.e. eigenvalues and eigenvectors) of the Laplacian Q
and vice versa, from which the explicit scaled characteristic polynomials are derived in 
Section 5. The characteristic polynomial of the Laplacian Q and e!ective resistance matrix 
ω are derived in Section 6 and 7, respectively, and the coe$cients of those polynomials are 
explicitly deduced together with some sums of powers of eigenvalues. Section 8 focuses 
on the computation of eigenvalues of the e!ective resistance matrix ω, given the spec-
trum of the Laplacian Q, and vice versa. Section 9 concludes, while Appendix 1 proves 
double orthogonality of the row and column vectors of the orthogonal matrix C in (24 ). 
Appendix 2 complements the main Theorem 2 in Section 3 and tries to address – unsuc-
cessfully though – the problem of determining the sign of the components of the resistance 
curvature vector p.

3 Some results can be readily extended to weighted, undirected graphs.
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2. Two generalized eigenvalue equations

We start by deducing two di!erent almost eigenvalues Equations (10) and (11). First, we 
left-multiply the eigenvalue Equation (8) by Q,

Qωvj = ςjQvj

Fiedler’s block matrix identity (2) leads to

Qω = 2puT → 2I (9)

Using (9)

ςjQvj = 2
⌉︄
uTvj

{︄
p → 2vj

and the fact that each eigenvalue ςj ⇐= 0, for 1 ↗ j ↗ N, results in, what we call, the #rst 
generalized eigenvalue equation

Qvj = → 2
ςj
vj +

2
⌋︄
uTvj

⌈︄

ςj
p (10)

Second, the eigenvalue equation ω→1vj = ς→1
j vj combines with ω→1 = 1

2ϑ 2 p.pT → 1
2Q, 

another deduction from Fiedler’s block matrix identity (2) as shown in [1, (5.17)], to a 
slightly di!erent generalized eigenvalue equation than (10),

Qvj = → 2
ςj
vj +

pTvj
ϑ 2 p (11)

Equating the generalized eigenvalue Equations (10) and (11) indicates

pTvj = 2ϑ 2 ⌋︄
uTvj

⌈︄

ςj
(12)

If uTvj ⇐= 0, then (12) shows that pTvj ⇐= 0 and the eigenvalue ςj of the e!ective resistance 
matrix ω equals

ςj = 2ϑ 2 u
Tvj

pTvj
(13)

while [1, (5.27)] deduces

ςj = RG
N

+ N
εTvj
uTvj

(14)

Clearly, if the last term in (10) or (11) vanishes, then an eigenvalue equation arises. If that 
last term is not too large, the generalized eigenvalue equations and the Laplacian eigenvalue 
equation (7) suggest that µj ⇒ → 2

ςj
 plus some correction. At this point, we mention the 

beautiful Interlacing Theorem 1, proved by Fiedler [5, Corollary 6.2.9] and later by Sun et 
al. [12]:
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Theorem 1: In a connected graph, the eigenvalues ς1, ς2, . . . , ςN of the e!ective resistance 
matrix ω interlace with those of the Laplacian matrix as

ς1 > 0 > → 2
µ1

↘ ς2 ↘ → 2
µ2

↘ · · · ↘ → 2
µN→2

↘ ςN→1 ↘ → 2
µN→1

↘ ςN (15)

The Interlacing Theorem 1 shows that, if µk = µk→1, then ςk = → 2
µk
. In other words, 

when a graph has Laplacian eigenvalues of multiplicity larger than 1, then equality as 
in ςk = → 2

µk
 occurs. Furthermore, if µk = → 2

ςk
, then the generalized eigenvalue Equa-

tions (10) and (11) indicate that vk is both an eigenvector of the Laplacian Q and of the 
e!ective resistance matrix ω and that uTvk = pTvk = 0. If the inverse simplex-altitude vec-
tor ε = RG

N2 u, thus in a ‘resistance-regular’ graph, then [1, Theorem 35] states that ςj = → 2
µj

for all 1 < j ↗ N and the proof indicates that the eigenvector vj = zj for all 1 ↗ j ↗ N. The 
de#nition (1) for a resistance-regular graph, with the all-one matrix J = u.uT , reduces to

ωresistance-regular = 2
)︄
RG
N2 J → Q†

[︄

In the sequel, we will ignore resistance-regular graphs. Furthermore, we will con#ne our-
selves to graphs with simple Laplacian eigenvalues, i.e. each eigenvalue µk is distinct with 
multiplicity 1. For such graphs, the Interlacing Theorem 1 then states that the eigenvalues 
{ςj}1↗j↗N of ω are also simple. Those graphs are connected due to a positive algebraic con-
nectivity µN→1 > 0 (else the zero eigenvalue µN = µN→1 = 0 would have multiplicity 2) 
as shown in [1, Theorem 20, art. 115].

In spite of the approximate nature of µj ⇒ → 2
ςj

 in Theorem 1, we show in (45) below the 
exact product

N→1⟨︄

m=1
µm = →ϑ 2N

N⟨︄

m=1

)︄
→ 2

ςm

[︄
= 2ϑ 2N

ς1

N⟨︄

m=2

)︄
→ 2

ςm

[︄

We will later improve the Interlacing Theorem 1 and derive an exact governing equation 
in Corollary 4 for the eigenvalues ς1, ς1, . . . , ςN of the e!ective resistance matrix ω.

3. Eigenvectors of ω as linear combination of those of Q

3.1. Explicit expressions

Theorem 2 expresses any eigenvector of the e!ective resistance matrix ω in terms of the 
eigenvectors of the Laplacian matrix Q and vice versa:

Theorem 2: If µk + 2
ςj

⇐= 0 for all 1 ↗ j, k ↗ N, then the j-th eigenvector vj of the e!ective 
resistance matrix ω is written as a linear combination of eigenvectors of the Laplacian matrix 
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Q, for 1 ↗ j ↗ N, as

vj = ϕj

⟩︄

/︄ u
N

+ 2
ςj

N→1⌊︄

k=1

µk
2

⌋︄
εTzk

⌈︄

2
ςj

+ µk
zk

\︄

/︂ (16)

where

1
ϕ2
j

= 1
⌋︄
uTvj

⌈︄2 = 1
N

+
)︄
2
ςj

[︄2 N→1⌊︄

k=1

⟩︄

/︄
µk
2

⌋︄
εTzk

⌈︄

2
ςj

+ µk

\︄

/︂
2

(17)

Conversely, the k-th eigenvector zk of the Laplacian matrix Q is written, for 1 ↗ k ↗ N, as a 
linear combination of eigenvectors of the e!ective resistance matrix ω as

zk = ↼k

N⌊︄

j=1

1
ςj

⌋︄
uTvj

⌈︄

2
ςj

+ µk
vj (18)

where ↼N = 2≃
N

 and for 1 ↗ k < N

1
↼2
k

= 1
⌋︄
µkεTzk

⌈︄2 =
N⌊︄

j=1

⟩︄

/︄
1
ςj

⌋︄
uTvj

⌈︄

2
ςj

+ µk

\︄

/︂
2

(19)

Before giving the proof, we compute the scalar product of the resistance curvature vector 
p and the normalized eigenvector zk of the Laplacian Q. From the de#nition (3), it follows 
that

zTk p = 1
2
zTk Qε + zTk

u
N

= µk
2
zTk ε + zTk

u
N

Thus, if k = N, then µN = 0 and zN = u≃
N

 result in

zTNp = 1≃
N

(20)

else, for 1 ↗ k < N,

zTk p = µk
2
zTk ε (21)
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 Proof: Left-multiplying (10) by zTk  leads to

zTk Qvj = → 2
ςj
zTk vj +

2
⌋︄
uTvj

⌈︄

ςj
zTk p

With the eigenvalue equation Qzj = µjzj in (7) of the symmetric Laplacian Q,

)︄
µk + 2

ςj

[︄
zTk vj = 2

⌋︄
uTvj

⌈︄

ςj
zTk p

leads to the scalar product between eigenvectors of ω and Q

zTk vj =
2
ςj

2
ςj

+ µk

⌉︄
uTvj

{︄ ⌉︄
pTzk

{︄

because of the restriction that µk + 2
ςj

⇐= 0 for all 1 ↗ j, k ↗ N. Invoking the scalar product 
pTzk in (20) and (21) then leads to

zTk vj =

\︂
⎛⎞

⎛⎡

2
ςj

µk
2

2
ςj

+µk

⌋︄
uTvj

⌈︄ ⌋︄
εTzk

⌈︄
for 1 ↗ k < N

1≃
N

⌋︄
uTvj

⌈︄
for k = N

(22)

If uTvj = }︄N
m=1(vj)m = 0 for 2 ↗ j ↗ N, because the Perron-Frobenius Theorem for the 

non-negative matrix ω states that all components (v1)m > 0 for 1 ↗ m ↗ N in a connected 
graph and thus uTv1 > 0, then (22) shows that zTk vj = 0 for all 1 ↗ k ↗ N. Since a non-
null vector as the eigenvector vj cannot be orthogonal to all Laplacian eigenvectors, we 
must require that µk + 2

ςj
= 0 for at one pair (j, k) of integers. The Interlacing Theorem 1 

indicates that µk = → 2
ςj

 if j = k>1, which only happens if µk has multiplicity at least 
equal to 2. Hence, the restriction µk + 2

ςj
⇐= 0 for all 1 ↗ j, k ↗ N is su$cient to exclude 

Laplacian eigenvalues with multiplicity larger than 1 and to prevent that uTvj = 0 for any 
1 ↗ j ↗ N.

We can now compute vj = }︄N
k=1(zTk vj)zk = }︄N→1

k=1 (zTk vj)zk + (zTNvj)zN ,

vj =
⌉︄
uTvj

{︄
⟩︄

/︄ u
N

+ 2
ςj

N→1⌊︄

k=1

µk
2

2
ςj

+ µk

⌉︄
εTzk

{︄
zk

\︄

/︂

Normalization of the eigenvector, vTj vj = 1, leads, with the orthogonality of eigenvectors 
zTk zm = ↽mk of a symmetrix matrix [1, Section 10.3], where the Kronecker delta ↽km = 1 if 
k = m, otherwise ↽km = 0, to (17), from which (16) follows.

The reverse that expresses the Laplacian eigenvector zk = }︄N
j=1(zTk vj)vj as a linear 

combination of the eigenvectors v1, v2, . . . , vN of the e!ective resistance matrix ω follows 
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from (22), for 1 ↗ k < N, as

zk =
⌉︄
εTzk

{︄
µk

N⌊︄

j=1

1
ςj

2
ςj

+ µk

⌉︄
uTvj

{︄
vj

After normalization zTk zk = 1, we obtain

1
⌋︄
µkεTzk

⌈︄2 =
N⌊︄

j=1

⟩︄

/︄
1
ςj

2
ςj

+ µk

⌉︄
uTvj

{︄
\︄

/︂
2

If k = N, then µN = 0 and zN = 1≃
N

}︄N
j=1(uTvj)vj = u≃

N
, from which ↼N = 2≃

N
 in (18). 

Hence, (18) and (19) are demonstrated for 1 ↗ k ↗ N. ↭

3.2. Discussion

The idea of Theorem 2 to deduce a scalar product between eigenvectors of two di!erent 
matrices does not apply to the eigenvectors of the adjacency A and Laplacian matrix Q =
ϱ → A of a graph G. Indeed, starting from the eigenvalue equation (7) of the Laplacian 
matrix Q,

µkzk = Qzk = ϱzk → Azk

left-multiplying with the m-th eigenvector xTm of the adjacency matrix A,

µkxTmzk = xTmϱzk → xTmAzk

invoking the eigenvalue equation Axm = ⇀mxm of the adjacency matrix leads to the scalar 
product

xTmzk = xTmϱzk
µk + ⇀m

(23)

In contrast to (22) for the e!ective resistance matrix ω, the scalar product (23) is of a 
di!erent and not-separable form, because xTmϱzk = }︄N

j=1 dj(xm)j(zk)j is a single ‘scalar 
product’ containing xm as well as zk, whereas (22) is a product of scalar products, where 
each scalar product only involves either an eigenvector vj of ω or an eigenvector zk of the 
Laplacian Q.

3.3. An orthogonal matrix

The N ↑ N matrix V contains in its columns the set of all eigenvector v1, v2, . . . , vN of the 
e!ective resistance matrix ω,

V =
⎤
v1 v2 · · · vN

⎣

Similarly, we de#ne the orthogonal eigenvector matrix of the Laplacian Q as

Z =
⎤
z1 z2 · · · zN

⎣
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If 2ςj + µk ⇐= 0 for all 1 ↗ j, k ↗ N, then the eigenvector (16) can be expressed [1, art.191] 
as

vj =
ϕj

µ1
ςj

⌋︄
εTz1

⌈︄

2
ςj

+ µ1

⎦

⎢⎢⎢⎥

(z1)1
(z1)2
...

(z1)N

⎧

⎫⎫⎫⎩
+

ϕj
µ2
ςj

⌋︄
εTz2

⌈︄

2
ςj

+ µ2

⎦

⎢⎢⎢⎥

(z2)1
(z2)2
...

(z2)N

⎧

⎫⎫⎫⎩
+ · · · + ϕj≃

N

⎦

⎢⎢⎢⎥

(zN)1
(zN)2
...

(zN)N

⎧

⎫⎫⎫⎩

= Z

⎦

⎢⎢⎢⎢⎢⎢⎢⎢⎥

ϕj
µ1
ςj

⌋︄
εTz1

⌈︄

2
ςj

+µ1

ϕj
µ2
ςj

⌋︄
εTz2

⌈︄

2
ςj

+µ2

...
ϕj≃
N

⎧

⎫⎫⎫⎫⎫⎫⎫⎫⎩

Substitution into the matrix V yields

V = Z.C

where the N ↑ N matrix

C =

⎦

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎥

ϕ1
µ1
ς1

⌋︄
εTz1

⌈︄

2
ς1

+µ1

ϕ2
µ1
ς2

⌋︄
εTz1

⌈︄

2
ς2

+µ1
. . .

ϕN
µ1
ςN

⌋︄
εTz1

⌈︄

2
ςN

+µ1

ϕ1
µ2
ς1

⌋︄
εTz2

⌈︄

2
ς1

+µ2

ϕ2
µ2
ς2

⌋︄
εTz2

⌈︄

2
ς2

+µ2
. . .

ϕN
µ2
ςN

⌋︄
εTz2

⌈︄

2
ςN

+µ2

...
...

. . .
...

ϕ1≃
N

ϕ2≃
N

. . . ϕN≃
N

⎧

⎫⎫⎫⎫⎫⎫⎫⎫⎫⎩

(24)

is also an orthogonal matrix, because both V and Z are orthogonal matrices. Hence, the 
orthogonal eigenvector matrix V = ZC of the e!ective resistance matrix ω equals the 
product of two orthogonal matrices Z and C. Since the determinant of an orthogonal 
matrix is detC = 1, we #nd that

1 = 1≃
N

N⟨︄

j=1
ϕj

N→1⟨︄

j=1
µj

⌉︄
εTzj

{︄

⎭⎭⎭⎭⎭⎭⎭⎭⎭⎭⎭

1
2+ς1µ1

1
2+ς2µ1

. . . 1
2+ςNµ1

1
2+ς1µ2

1
2+ς2µ2

. . . 1
2+ςNµ2

...
...

. . .
...

1 1 . . . 1

⎭⎭⎭⎭⎭⎭⎭⎭⎭⎭⎭

Orthogonality of a matrix implies double orthogonality [1, art. 248] in its corresponding 
column and row vectors, which is proved for the orthogonal matrix C in Appendix 1.

Finally, the doubly stochastic matrix ⇁ω = V ⇑ V obeys the equation [1, art. 274],

⇁ως = 0 (25)

where the N ↑ 1 vector ς = (ς1, ς2, . . . , ςN) contains the eigenvalues of the e!ective resis-
tance matrix ω. Equation (25) is an eigenvalue equation ⇁ωwk = ↪kwk, where the eigen-
vector ς belongs to the eigenvalue ↪k = 0, and implies that det⇁ω = 0 and rank⇁ω ↗
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N → 1. The zero eigenvalue of ⇁ω has multiciplicity at least 1. The corresponding doubly 
stochastic matrix ⇁A = X ⇑ X of the adjacency matrix A and ⇁Q = Z ⇑ Z for the Laplacian 
matrix Q also possess a zero eigenvalue with multiplicity at least 1. An open problem [13, 
Appendix A.3] is the determination of rank⇁A, rank⇁Q and rank⇁ω of a same graph G
and their meaning for the graph G.

4. Governing eigenvalue equations and quadratric forms

Theorem 2 provides us with valuable corollaries:

Corollary 3: If µk + 2
ςj

⇐= 0 for all 1 ↗ j, k ↗ N, then the positive eigenvalues µ of the 
Laplacian matrix Q satisfy the governing eigenvalue partial fractions

ϑ 2 =
N⌊︄

j=1

⌋︄
pTvj

⌈︄2

µ + 2
ςj

(26)

or

1
4ϑ 2 =

N⌊︄

j=1

⌋︄
uTvj

⌈︄2

ςj
⌋︄
ςjµ + 2

⌈︄ (27)

or

0 =
N⌊︄

j=1

⌋︄
uTvj

⌈︄2

2 + ςjµ
for µ ⇐= 0 (28)

 Proof: After rewriting (18) with u
Tvj
ςj

= pTvj
2ϑ 2  in (12) and left-multiplying with the trans-

pose of the resistance curvature vector p yields

pTzk =
⌋︄
εTzk

⌈︄
µk

2ϑ 2

N⌊︄

j=1

⌋︄
pTvj

⌈︄2

µk + 2
ςj

The scalar product zTk p = µk
2 zTk ε  in (21) then leads, for 1 ↗ k < N, to (26) or, again with 

pTvj = 2ϑ 2

ςj
uTvj in (12), to (27). After left-multiplying (18), valid for 1 ↗ k < N, with uT , 

we obtain

uTzk = ↼k

N⌊︄

j=1

1
ςj

⌋︄
uTvj

⌈︄2

2
ςj

+ µk

which leads with zN = u≃
N
, due to orthogonality of eigenvectors zTNzk = 0 for 1 ↗ k < N, 

to (28 ). ↭

From the fractional expansions (26 ),(27) and (28), the Interlacing Theorem 1 can be 
deduced. The reverse of Corollary 3 is
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Corollary 4: If µk + 2
ςj

⇐= 0 for all 1 ↗ j, k ↗ N, then any eigenvalue ς of the e!ective 
resistance matrix ω satis"es, with y = 2

ς , the partial fraction expansion

ϑ 2 = 1
4

N→1⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk + y
+ 1

Ny
(29)

 Proof: After computing the scalar product of the eigenvector vj in (16), where ϕj = ςj
pTvj
2ϑ 2

by (13), with the resistance curvature vector p in (3), taking into account (20) and (21), we 
deduce for ςj ⇐= 0 that

1 = 1
2ϑ 2

⟩︄

/︄1
2

N→1⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk + 2
ςj

+ ςj

N

\︄

/︂

that can be rewritten as (29), by letting y = 2
ς  and excluding ς = 0, because any eigenvalue 

ςj ⇐= 0 must satisfy (29). ↭

The partial fractions can be rephrased as a quadratic form using f (ω) = }︄N
j=1 f (ςj)vjvTj

deduced in [1, Equation (A.88)], where f (.) is a function de#ned for the eigenvalues. For 
example, the partial fraction (28)

0 =
N⌊︄

j=1

⌋︄
uTvj

⌈︄2

2 + ςjµ
=

N⌊︄

j=1

⌋︄
uTvj

⌈︄ ⌉︄
vTj u

{︄

2 + ςjµ
= uT

⟩︄

/︄
N⌊︄

j=1

vjvTj
2 + ςjµ

\︄

/︂ u

transforms to the quadratric form, for µ ⇐= 0,

0 = uT (2I + µω)→1 u (30)

Similarly, for an eigenvalue µ of the Laplacian Q, we #nd quadratic forms for the square 
ϑ 2 of the resistance radius from (26),

ϑ 2 = pT
⌋︄
µI + 2ω→1⌈︄→1 p (31)

and from (27)

1
4ϑ 2 = uT (ω (2I + µω))→1 u (32)

For µ = 0 in (31) and (32), we again #nd the known relations 2ϑ 2 = pTωp and 1
2ϑ 2 =

uTω→1u. For an eigenvalue ς of the e!ective resistance matrix ω and y = 2
ς , we also give 

the quadratic form corresponding to (29)

ϑ 2 → 1
Ny

= 1
4
εT

⌉︄
Q2 ⌋︄

Q + yI
⌈︄→1

{︄
ε (33)
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5. From partial fraction expansions to characteristic polynomials

The classical de#nition [1, art. 235] of a characteristic polynomial of an n ↑ n matrix B
with eigenvalues ⇀1(B), ⇀2(B), . . . , ⇀n(B) is the determinant cB(⇀) = det(B → ⇀I), which 
can be expanded as a polynomial in ⇀ of degree n,

cB(⇀) =
n⌊︄

k=0

ck⇀k =
n⟨︄

k=1

(⇀k (B) → ⇀) (34)

from which cn = (→1)n. Provided that detB ⇐= 0, the transformation of the complex 
variable ⇀ ⇓ a

⇀ , where a ⇐= 0 is a complex constant, results in

⇀ncB
⌉︄a
⇀

{︄
=

n⌊︄

j=0
an→jcn→j⇀

j = detB (→1)n caB→1 (⇀) (35)

In other words, the transformation ⇀ ⇓ a
⇀  of the complex variable ⇀, for any complex 

number a ⇐= 0, in the characteristic polynomial cB(⇀) transforms the polynomial into a 
characteristic polynomial of the matrix aB→1 (provided detB ⇐= 0). The transformation 
scales the set of coe$cient {ck}0↗k↗n by a power of a resulting in the set {an→jcn→j}0↗j↗n.

After multiplying the partial fraction expansions in Corollary 3 by 
⎨N

m=1(2 + ςmµ)

and multiplying each term in (29) with 
⎨N

m=1(y + µm), we obtain the following scaled
characteristic polynomials for the eigenvalues of the Laplacian matrix Q and of the e!ective 
resistance matrix ω:

Lemma 5: A scaled characteristic polynomial of degree N of the Laplacian eigenvalues is

pQ (µ) =
N⌊︄

j=1
ςj

⌉︄
pTvj

{︄2 N⟨︄

m=1;m⇐=j
(2 + ςmµ) →

N⟨︄

m=1
(2 + ςmµ) ϑ 2 (36)

while a scaled characteristic polynomial of degree N→1 is

⎬pQ (µ) =
N⌊︄

j=1

⌉︄
uTvj

{︄2 N⟨︄

m=1;m ⇐=j
(2 + ςmµ) (37)

whose zeros, i.e. solutions of pQ(µ) = 0, equal the Laplacian eigenvalues µ1,µ2, . . . µN→1,
µN = 0, while the zeros of ⎬pQ(µ) are the positive Laplacian eigenvalues µ1,µ2, . . .
µN→1 > 0.

Another rewriting of (29) is a scaled characteristic polynomial of degree N in y = 2
ς

p2ω→1
⌋︄
y
⌈︄

=
N⟨︄

m=1

⌋︄
y + µm

⌈︄
→ 1

4ϑ 2

N→1⌊︄

k=1

µ2
k

⌉︄
εTzk

{︄2 N⟨︄

m=1;m⇐=k

⌋︄
y + µm

⌈︄

→ 1
Nϑ 2

N→1⟨︄

m=1

⌋︄
y + µm

⌈︄
(38)

whose zeros, i.e. solutions of pω(y) = 0, are twice the inverse eigenvalues 2ς1 ,
2
ς2
, . . . , 2

ςN
.
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The polynomial (36) possesses both a summation representation and a product form,

pQ (µ) =
N⌊︄

k=0

ak (Q) µk = aN (Q)
N⟨︄

m=1
(µ → µm) (39)

and similarly for (37),

⎬pQ (µ) =
N→1⌊︄

k=0

⎬ak (Q) µk =⎬aN→1 (Q)
N→1⟨︄

m=1
(µ → µm) (40)

where ak(Q) and ⎬ak(Q) are the k-th coe$cient of the summation form, respectively. The 
characteristic polynomial in (38) of degree N in the complex variable y = 2

ς  equals

p2ω→1
⌋︄
y
⌈︄

=
N⌊︄

k=0

ak
⌋︄
2ω→1⌈︄ yk = aN

⌋︄
2ω→1⌈︄

N⟨︄

m=1

)︄
y → 2

ςm

[︄
(41)

The #rst term in p2ω→1(y) in (38) is a polynomial of degree N in the complex variable 
y = 2

ς  with highest order coe$cient 1, while the other terms in (38) contain polynomials 
of degree N→1 implying that aN(2ω→1) = 1.

We wrote scaled characteristic polynomial in Lemma 5 due to the scaling of the highest 
order coe$cient cn in (34). None of (39), (40) and (41) possesses the standard form (34) of 
a characteristic polynomial, which justi#es the notation ‘p’ for polynomial instead of ‘c’ as 
in (34) for characteristic polynomial.

6. Polynomials of the Laplacian matrix Q

6.1. General properties of the polynomials pQ(µ) and ⎬pQ(µ)

We will now relate the coe$cients ak(Q) and ⎬ak(Q) of the polynomials pQ(µ) and ⎬pQ(µ). 
Since pQ(0) = 0, (39) indicates that

a0 (Q) = 0

while (37) and (40) show

⎬pQ (0) =⎬a0 (Q) = 2N→1
N⌊︄

j=1

⌉︄
uTvj

{︄2
= N2N→1 (42)

The highest order coe$cient of (36) is

aN (Q) = →ϑ 2
N⟨︄

m=1
ςm (43)

while for (37), we #nd

⎬aN→1 (Q) =
N⌊︄

j=1

⌉︄
uTvj

{︄2 N⟨︄

m=1;m⇐=j
ςm =

N⟨︄

m=1
ςm

N⌊︄

j=1

1
ςj

⌉︄
uTvj

{︄2
= uTω→1u

N⟨︄

m=1
ςm
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With uTω→1u = 1
2ϑ 2  (see [1, p. 182]) or from (32) for µ = 0, it holds that

⎬aN→1 (Q) = 1
2ϑ 2

N⟨︄

m=1
ςm (44)

Since ⎬a0(Q) =⎬aN→1(Q)
⎨N→1

m=1(→µm), as follows from the product form in (40), we #nd 
that

N→1⟨︄

m=1
µm = (→1)N→1 ⎬a0 (Q)

⎬aN→1 (Q)
= (→1)N→1 N2N→1

1
2ϑ 2

N⟨︄

m=1
ςm

Thus, the complexity ↪(G) = 1
N

⎨N→1
m=1 µm of a graph G, which is [1, Section 4.1.3] the 

number of all possible spanning trees in that graph G, equals

↪ (G) = 1
N

N→1⟨︄

m=1
µm = 2Nϑ 2

N⟨︄

m=1
|ςm|

(45)

and

⎬aN→1 (Q) = (→1)N→1 2N→1

↪ (G)

In conclusion, the de#nitions (39) and (40) show that both polynomials are related by

pQ (µ) = aN (Q) µ
N→1⟨︄

m=1
(µ → µm) = aN (Q)

⎬aN→1 (Q)
µ⎬pQ (µ)

and (43) and (44) lead to

pQ (µ) = →2ϑ 4µ⎬pQ (µ) (46)

Consequently, after introducing the series in (39) and (40) into (46) and after equating 
corresponding powers in µ, we #nd, for 1 ↗ k ↗ N, that the coe$cients of the polynomials 
of the polynomials pQ(µ) and ⎬pQ(µ) satisfy

ak (Q) = →2ϑ 4⎬ak→1 (Q) (47)

6.2. Computation of the coe!cients ⎬ak(Q) of the polynomial ⎬pQ(µ)

We rely on our characteristic coe$cients, #rst de#ned in [14] and more elaborated in [15, 
Appendix A]. The Taylor series of a function G(z) of a function f (z), thus G(f (z)), can be 
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formally expanded around the point z0 as

G(f (z)) = G(f (z0)) +
⇔⌊︄

m=1

⟩︄

/︄
m⌊︄

k=1

1
k!

dkG(f )
df k

⎭⎭⎭⎭⎭
f=f (z0)

s[k,m]f (z)(z0)

\︄

/︂ (z → z0)m (48)

in always re-appearing quantities s[k,m]f (z)(z0), that I have called, therefore, the charac-
teristic coe$cient of a complex function. A complex function with Taylor series f (z) =}︄⇔

k=0 fkzk around z0 = 0 possesses a combinatorial form of the characteristic coe$cient

sf [k,m] =
⌊︄

}︄k
i=1 ji=m;ji>0

k⟨︄

i=1
fji (49)

as well as a derivative form

s[k,m]f (z0) = 1
m!

dm

dzm
[f (z) → f (z0)]k

⎭⎭⎭⎭
z=z0

(50)

The characteristic coe$cient sf [k,m] also satis#es a recursion [14] that allows us to com-
pute all characteristic coe$cients exactly. Sections 6.2 and 7.2 illustrate the power of 
characteristic coe$cients.

Theorem 6: The coe#cients ⎬am(Q) of the polynomial form ⎬pQ(µ) = }︄N→1
m=0⎬am(Q)µm

in (40) are, for 0 ↗ m ↗ N → 1,

⎬am (Q) = 2N→1 (→1)m

2m
⌉︄
uTωmu

{︄
+ 2N→1

m⌊︄

j=1

(→1)m→j

2m→j

⌉︄
uTωm→ju

{︄ j⌊︄

k=1

1
k!

sg[k, j] (51)

Beside a0(Q) = 0 and a1(Q) = →2N→2(pTω2p), the coe#cient am(Q) of the polynomial 
pQ(µ) = }︄N

m=0 am(Q)µm in (39) for 2 ↗ m ↗ N as

am (Q) = 2N
(→1)m

2m+1

⌉︄
pTωm+1p

{︄
+ 2N

m→2⌊︄

j=0

(→1)m→j→1

2m→j

⌉︄
pTωm→jp

{︄ j+1⌊︄

k=1

1
k!

sg[k, j + 1]

(52)

where the function g(µ) = }︄N
m=1 log(1 + ςm

2 µ) has Taylor coe#cients g0 = 0 and gn =
(→1)n→1

n2n
}︄N

m=1 ςn
m for n>0.

 Proof: We write (37) as

⎬pQ (µ) =
N⟨︄

m=1
(2 + ςmµ)

N⌊︄

j=1

⌋︄
uTvj

⌈︄2
⌋︄
2 + ςjµ

⌈︄

and expand both 
⎨N

m=1(2 + ςmµ) and 
}︄N

j=1
(uTvj)2
(2+ςjµ)  in a Taylor series around µ = 0. First,

N⟨︄

m=1
(2 + ςmµ) = 2N

N⟨︄

m=1

⌉︄
1 + ςm

2
µ

{︄
= 2Ne

}︄N
m=1 log

⌋︄
1+ ςm

2 µ
⌈︄
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Taylor expansion of log(1 + x) = }︄⇔
n=1

(→1)n→1

n xn for |x| < 1 shows, for µ < 2
ς1
, that

g (µ) =
N⌊︄

m=1
log

⌉︄
1 + ςm

2
µ

{︄
=

N⌊︄

m=1

⇔⌊︄

n=1

(→1)n→1

n

⌉︄ςm
2

{︄n
µn

=
⇔⌊︄

n=1

⎪
(→1)n→1

n2n

N⌊︄

m=1
ςn
m

⏐

µn

with Taylor coe$cient gn = 1
n!

dng(µ)
dµn |µ=0 equal to g0 = 0 and, for n>0, gn =

(→1)n→1

n2n
}︄N

m=1 ςn
m. Invoking our characteristic coe$cients s[k,m] in [16] and the Taylor 

series, that follows from (48),

eg(µ) = 1 +
⇔⌊︄

m=1

⎝ m⌊︄

k=1

1
k!

sg[k,m]

⎠

µm

we arrive at the Taylor series

N⟨︄

m=1
(2 + ςmµ) = 2N

⎪

1 +
⇔⌊︄

m=1

⎝ m⌊︄

k=1

1
k!

sg[k,m]

⎠

µm

⏐

= 2N
⇔⌊︄

m=0

⎝ m⌊︄

k=0

1
k!

sg[k,m]

⎠

µm

where sg[k, 0] = ↽k0 = 1{k=0} and sg[0,m] = ↽0m = 1{m=0} and the indicator 1x = 1 if the 
condition x is true, else 1x = 0.

Second, the expansion, valid for |µ| < 2
ς1
,

N⌊︄

j=1

⌋︄
uTvj

⌈︄2
⌋︄
2 + ςjµ

⌈︄ = 1
2

N⌊︄

j=1

⌋︄
uTvj

⌈︄2

1 + ςj
2 µ

= 1
2

N⌊︄

j=1

⌉︄
uTvj

{︄2 ⇔⌊︄

m=0

⌉︄
→ςj

2
µ

{︄m

leads to the Taylor series around µ0 = 0,

N⌊︄

j=1

⌋︄
uTvj

⌈︄2
⌋︄
2 + ςjµ

⌈︄ =
⇔⌊︄

m=0

(→1)m

2m+1

⟩︄

/︄
N⌊︄

j=1
ςm
j

⌉︄
uTvj

{︄2
\︄

/︂ µm =
⇔⌊︄

m=0

(→1)m

2m+1

⌉︄
uTωmu

{︄
µm

The corresponding Taylor series for the polynomial pQ(µ) is

N⌊︄

j=1

ςj
⌋︄
pTvj

⌈︄2
⌋︄
2 + ςjµ

⌈︄ → ϑ 2 =
⇔⌊︄

m=1

(→1)m

2m+1

⌉︄
pTωm+1p

{︄
µm

The Taylor series of the polynomial ⎬pQ(µ) is found after computing the Cauchy product,

⎬pQ (µ) = 2N
⎪ ⇔⌊︄

m=0

⎝ m⌊︄

k=0

1
k!

sg[k,m]

⎠

µm

⏐ ⇔⌊︄

m=0

(→1)m

2m+1

⌉︄
uTωmu

{︄
µm

= 2N
⇔⌊︄

m=0

⟩︄

/︄
m⌊︄

j=0

j⌊︄

k=0

1
k!

sg[k, j]
(→1)m→j

2m→j+1

⌉︄
uTωm→ju

{︄
\︄

/︂ µm
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Similarly, the Cauchy product leads to

pQ (µ) = →2N→2
⌉︄
pTω2p

{︄
µ + 2N

⇔⌊︄

m=2

)︄
(→1)m

2m+1

⌉︄
pTωm+1p

{︄

+
m→2⌊︄

j=0

(→1)m→j→1

2m→j

⌉︄
pTωm→jp

{︄ j+1⌊︄

k=1

1
k!

sg[k, j + 1]

\︄

/︂ µm

Finally, after equating corresponding powers in µ in the above and the polynomial form }︄N→1
m=0⎬am(Q)µm in (40), we arrive, for 0 ↗ m ↗ N → 1, at

⎬am (Q) = 2N→1
m⌊︄

j=0

(→1)m→j

2m→j

⌉︄
uTωm→ju

{︄ j⌊︄

k=0

1
k!

sg[k, j]

which we rewrite, by splitting-o! the j = 0 term and using sg[k, 0] = ↽k0 and sg[0,m] =
↽0m, as (51). Similarly, beside a0(Q) = 0 and a1(Q) = →2N→2(pTω2p), we #nd the coe$-
cient am(Q) of the polynomial pQ(µ) in (39) for 2 ↗ m ↗ N as (52). ↭

Invoking am(Q) = →2ϑ 4⎬am→1(Q) in (47) yields, from (51) and (52), that

pTωmp = 4ϑ 4uTωm→2u (53)

If m>N→1, then ⎬am(Q) = 0 and the right-hand side of (51) vanishes and expresses 
uTωmu in terms of uTωju with 0 ↗ j ↗ N → 1 (and similarly for m>N in (52) as a 
consequence of the Caley-Hamilton theorem [1, art. 228]),

uTωmu =
m⌊︄

j=1
(→1)j→1 2j

⌉︄
uTωm→ju

{︄ j⌊︄

k=1

1
k!

sg[k, j] for m > N → 1

We compute the polynomial coe$cient ⎬am(Q) for a few values of m. First, if m = 0, then

⎬a0 (Q) = N2N→1

If m = 1, then (51) becomes

⎬a1 (Q) = 2N→1→1
2

⌉︄
uTωu

{︄
+ 2N→1

⌉︄
uTu

{︄
sg[1, 1] = →2N→1RG + 2N→1N

1
2

N⌊︄

m=1
ςm

and, since 
}︄N

m=1 ςm = 0, we #nd

⎬a1 (Q) = →2N→1RG

We can further compute4 the polynomial coe$cient ⎬am(Q) in (51) for any desired value 
of the integer m<N symbolically by the recursion of the characteristic coe$cients. As an 

4 We add that, based on the coe!cients ⎬am(Q), the algebraic connectivity µN→1 can be expressed as a Lagrange series 
(which is explicitly listed in [1, (B.68) on p. 459] up to order 5).
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example, we list

⎬a2 (Q) = 2N→3uTω2u → 2N→4N
N⌊︄

m=1
ς2
m

⎬a3 (Q) = →2N→4uTω3u + 2N→4RG
N⌊︄

m=1
ς2
m + 2N→4

3
N

N⌊︄

m=1
ς3
m

⎬a4 (Q) = →2N→5uTω4u + 2N→6uTω2u
N⌊︄

m=1
ς2
m + 2N→8N

⎪ N⌊︄

m=1
ς2
m

⏐2

→ 2N→4

3
RG

N⌊︄

m=1
ς3
m → 2N→7N

N⌊︄

m=1
ς4
m

7. Characteristic polynomial of the effective resistance matrix ω

The transformation (35) indicates that yNcω( 2y ) = detω (→1)Nc2ω→1(y) and the de#-
nition (34) gives c2ω→1(y) = ⎨N

k=1(
2

ςm
→ y) = (→1)Np2ω→1(y), so that

cω (ς) =
⌉︄ς

2

{︄N
detω p2ω→1

)︄
2
ς

[︄

Hence, the characteristic polynomial of the e!ective resistance matrix ω

cω (ς) = det (ω → ςI) =
N⌊︄

k=0

ck (ω) ςn =
N⟨︄

j=1

⌋︄
ςj → ς

⌈︄

has the coe$cients

ck (ω) = c0 (ω)
aN→k

⌋︄
2ω→1⌈︄

2k
(54)

for 0 ↗ k ↗ N with c0(ω) = detω = ⎨N
j=1 ςj. Since cN→1(ω) = (→1)N→1 }︄N

j=1 ςj = 0, it 
holds that a1(2ω→1) = 0.

Section 7.1 deduces properties of the coe$cients ak(2ω→1) that follow from the 
de#nition (41) and known theory, while Section 7.2 shows that all coe$cients ak(2ω→1)
can be exactly computed based on properties of characteristic coe$cients.

7.1. Basic properties of the polynomial p2ω→1(y)

The coe$cient aN→1(2ω→1) of yN→1 follows from (38) in Corollary 4 as

aN→1
⌋︄
2ω→1⌈︄ =

N⌊︄

m=1
µm → 1

4ϑ 2

N→1⌊︄

k=1

µ2
k

⌉︄
εTzk

{︄2
→ 1

Nϑ 2

=
N⌊︄

m=1
µm → 1

ϑ 2

)︄
1
4
εTQ2ε + 1

N

[︄
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Relation (4) and 
}︄N

m=1 µm = 2L (see e.g. [1, art. 105]) show that

aN→1
⌋︄
2ω→1⌈︄ = 2L → pTp

ϑ 2

The Newton identities [1, art. 294] indicate that the coe$cient aN→1(2ω→1) =
→2

}︄N
m=1

1
ςm

 in (41). Combining both expression for aN→1(2ω→1) gives

N⌊︄

m=1

1
ςm

= →
)︄
L → pTp

2ϑ 2

[︄
(55)

Using (A6) in Appendix 2 leads to

pTp
2ϑ 2 = 1

2

N⌊︄

j=1
vTj Qvj +

N⌊︄

j=1

1
ςj

(56)

Comparison with (55) indicates that the number of links in the graph G equals

L = 1
2

N⌊︄

j=1
vTj Qvj (57)

Formula (57) is an instance of the general property of the trace of an n ↑ n matrix M and 
an n ↑ n orthogonal matrix X,

n⌊︄

j=1
xTj Mxj = trace

⌉︄
XTMX

{︄
= trace (M) =

n⌊︄

i=1
mii (58)

which follows from the cyclic permutation property of the trace-operator [1, eq, (4,15)],

trace
⌉︄
XTMX

{︄
= trace

⌉︄
MXXT

{︄
= trace (M)

because the orthogonal matrix X satis#es XXT = I. Alternatively, (58) is a direct conse-
quence of the second orthogonality relation 

}︄n
j=1(xj)k(xj)l = ↽kl in [1, Equation (A.126)]. 

Since L = 1
2
}︄N

j=1 dj, where dj is the degree of node j in the graph G, it might be suggestive 
to propose that dj = vTj Qvj, which is unfortunately not true. However, if ↖x↙ denotes the 
smallest integer equal to or larger than x, we found numerically for N<15 that ↖vT1Qv1↙ =
0, while ↖vTj Qvj↙ for 2 ↗ j ↗ N is close to a degree in the graph G within an error of ±2.

Furthermore, p2ω→1(0) = ⎨N
m=1(→ 2

ςm
) = → 2N⎨N

m=1|ςm| . Recalling that µN = 0, the char-
acteristic polynomial in (38) shows that

p2ω→1 (0) = → 1
Nϑ 2

N→1⟨︄

m=1
µm

Equating both expressions for p2ω→1(0) again leads to the complexity ↪(G) formula in (45). 
The computation of the coe$cient ak(2ω→1) = 1

k!
dkp2ω→1 (y)

dyk |y=0 for k = 1 results, after 
equating the two di!erent ways, in the de#nition (5) of ϑ 2.
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7.2. Computation of the coe!cients ak(2ω→1) of the polynomial p2ω→1(y)

Theorem 7: The coe#cient am(2ω→1) of the polynomial p2ω→1(y) = }︄N
k=0 ak(2ω→1)yk

in (41) is, for integer 0 ↗ m ↗ N,

am
⌋︄
2ω→1⌈︄ = N↪ (G)

⟩︄

/︄Fm +
m⌊︄

j=1
Fm→j

j⌊︄

k=1

1
k!

sh[k, j]

\︄

/︂ (59)

where ↪(G) = 1
N

⎨N→1
m=1 µm is the complexity in (45), the Taylor coe#cients are

F0 = → 1
Nϑ 2 F1 = 1

ϑ 2
RG
N2 F2 = 1

4ϑ 2

⌉︄
εTε → R2G

N3

{︄
(60)

and for n>2,

Fn = (→1)n

4ϑ 2 εT
⌉︄
Q†

{︄n→2
ε (61)

and where sh[k, j] is the characteristic coe#cient (49) of the function h(y) = log
⎨N→1

m=1(1 +
y

µm
), which has Taylor coe#cients hn = (→1)n→1

n
}︄N→1

m=1
1

µn
m

 for n>0 around y0 = 0.

 Proof: We mimic the method of Section 6.2 to compute only the coe$cients am(2ω→1) =
1
m!

dmp2ω→1 (y)
dym |y=0 for any integer 0 ↗ m ↗ N and write (38) as

p2ω→1
⌋︄
y
⌈︄

=
N→1⟨︄

m=1

⌋︄
y + µm

⌈︄
⎪

y → 1
4ϑ 2

N→1⌊︄

k=1

yµ2
k
⌋︄
εTzk

⌈︄2

µk + y
→ 1

Nϑ 2

⏐

Recalling that the algebraic connectivity µN→1 > 0 for connected graphs, we expand the 
product 

⎨N→1
m=1(y + µm) = ⎨N→1

m=1µm
⎨N→1

m=1(1 + y
µm

), using our characteristic coe$cients 
with

h
⌋︄
y
⌈︄

= log
N→1⟨︄

m=1

)︄
1 + y

µm

[︄
=

⇔⌊︄

n=1

⎪
(→1)n→1

n

N→1⌊︄

m=1

1
µn
m

⏐

yn

into a Taylor series around y = 0 in terms of the complexity ↪(G) = 1
N

⎨N→1
m=1 µm,

N→1⟨︄

m=1

⌋︄
y + µm

⌈︄
= N↪ (G)

⎪

1 +
⇔⌊︄

m=1

⎝ m⌊︄

k=1

1
k!

sh[k,m]

⎠

ym
⏐

The Taylor series of the partial fraction expansion is

F
⌋︄
y
⌈︄

= y → 1
4ϑ 2

N→1⌊︄

k=1

yµk
⌋︄
εTzk

⌈︄2
⌉︄
1 + y

µk

{︄ → 1
Nϑ 2

= → 1
Nϑ 2 + y + 1

4ϑ 2

⇔⌊︄

n=1
(→1)n yn

N→1⌊︄

k=1

⌋︄
εTzk

⌈︄2

µn→2
k
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and

F
⌋︄
y
⌈︄

= → 1
Nϑ 2 + 1

ϑ 2
RG
N2 y + 1

4ϑ 2

)︄
εTε →

⌉︄
εTzN

{︄2[︄
y2

+ 1
4ϑ 2

⇔⌊︄

n=3
(→1)n ynεT

)︄
εT

⌉︄
Q†

{︄n→2
ε

[︄
ε

where (5) and the spectral decomposition [1, Equation (4.30)] of the pseudoinverse of the 
Laplacian Q† = }︄N→1

k=1
1
µk
zkzTk  has been used. The Taylor coe$cients of the Taylor series 

F(y) = }︄⇔
n=0 Fnyn are given by (60) and (61). Executing the Cauchy product results in

p2ω→1
⌋︄
y
⌈︄

= N↪ (G)
⇔⌊︄

m=0

⎝ m⌊︄

k=0

1
k!

sh[k,m]

⎠

ym
⇔⌊︄

n=0
Fnyn

= N↪ (G)
⇔⌊︄

m=0

m⌊︄

j=0

⎦

⎥Fm→j

j⌊︄

k=0

1
k!

sh[k, j]

⎧

⎩ ym

Equating corresponding powers in y in the above and (41) #nally yields, for 0 ↗ m ↗ N, 
the general expression of the coe$cients in (59). ↭

Again, as an example, we list the #rst few coe$cients in (59)

ϑ 2 a0
⌋︄
2ω→1⌈︄

↪ (G)
= →1

a1
⌋︄
2ω→1⌈︄ = 0

ϑ 2 a2
⌋︄
2ω→1⌈︄

↪ (G)
= 1

4

⎪
R2G
N2 + NεTε

⏐

+ 1
2

N→1⌊︄

m=1

1
µ2
m

ϑ 2 a3
⌋︄
2ω→1⌈︄

↪ (G)
= R3G

12N3 + RG
εTε

4
→ N

εTQ†ε

4
→ 1

3

N→1⌊︄

m=1

1
µ3
m

ϑ 2 a4
⌋︄
2ω→1⌈︄

↪ (G)
= R2GεTε

8N
→ RG

εTQ†ε

4
+ N

εT ⌋︄
Q†⌈︄2 ε

4
→ 1

8

⎪
R2G
N2 + NεTε

⏐ N→1⌊︄

m=1

1
µ2
m

→ 1
8

⎪N→1⌊︄

m=1

1
µ2
m

⏐2

→ 1
4

N→1⌊︄

m=1

1
µ4
m

With cN→1(ω) = (→1)N→1 }︄N
m=1 ςm = 0, the Newton identities [1, art. 294] state that }︄N

m=1 ς2
m = →2 cN→2(ω)

cN(ω)  and that 
}︄N

m=1 ς3
m = →3 cN→3(ω)

cN(ω) . Using (54), the above list of 
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coe$cients {an(2ω→1)}0↗n↗4 leads to

N⌊︄

m=1
ς2
m = 2

⎪
R2G
N2 + NεTε

⏐

+ 4
N→1⌊︄

m=1

1
µ2
m

(62)

and

N⌊︄

m=1
ς3
m = 2

R3G
N3 + 6

⌉︄
RGεTε → NεTQ†ε

{︄
→ 8

N→1⌊︄

m=1

1
µ3
m

(63)

8. Eigenvalues

Based on the explicit partial fraction expansions previously derived, Section 8.1 and 
Section 8.2 present new bounds for the eigenvalues of the e!ective resistance matrix ω
and of the Laplacian Q, respectively. Several di!erent techniques for the zeros (i.e. eigen-
values) are applied: (i) a recursion (66) for eigenvalues, (ii) Taylor and Lagrange series in 
Section 8.1 and (iii) bounding in Lemma 10 and Section 8.2.

8.1. The eigenvalues of the e"ective resistance matrix ω

It is instructive to rewrite eigenvalue equation (29) as the function

f (ς) = 2ϑ 2 → ς

N
→ 1

2

N→1⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk + 2
ς

(64)

which equals for real ς, with the quadratic form (33),

f (ς) = 2ϑ 2 → ς

N
→ 1

2
εT

⎪

Q2
)︄
Q + 2

ς
I
[︄→1

⏐

ε

Since

df (ς)

dς
= → 1

N
→

N→1⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

(ςµk + 2)2
< 0

the function f (ς) is monotonously decreasing for all real ς. The function f (ς) possesses 
poles at ς = → 2

µk
 and travels from ⇔ to →⇔ between two poles (at which f (ς) has an 

asymptote, i.e. vertical line), illustrating that between those poles, there is a zero of the 
function f (ς), in agreement with the Interlacing Theorem 1 and implying that there are 
N→1 real, negative zeros (i.e. eigenvalues of ω) of the function f (ς).

8.1.1. Recursion for the eigenvalues εj
Any eigenvalue ςj of the e!ective resistance matrix ω is a zero of f (ς). Solving f (ς) = 0
for ς in (64) or rewriting of the partial fractional expansion (29) in terms of ς = 2

y  results 
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in

ς = 2ϑ 2

1
2
}︄N→1

k=1
µ2
k
⌋︄
εTzk

⌈︄2

µkς+2 + 1
N

(65)

or

ς = 2ϑ 2

1
2ε

T
⌋︄
Q2 (ςQ + 2I)→1⌈︄ ε + 1

N

Formula (65) can be recast into a recursion in rm for m>0, where r0 is an initial start value 
and limm⇓⇔ rm = ς,

rm = 2ϑ 2

1
4
}︄N→1

k=1
µ2
k
⌋︄
εTzk

⌈︄2

1+ µk
2 rm→1

+ 1
N

(66)

which shows that if r0 > 0, all subsequent iterates r1, r2, . . . are positive. A study on the 
convergence of the recursion (66) is omitted.

For ς ↘ 0 and for a inverse simplex-altitude vector ε ⇐= ϕu not proportional to the all-
one vector u, the quadratic form εT(Q2(ςQ + 2I)→1)ε = }︄N→1

k=1
µ2
k(ε

Tzk)2
µkς+2 > 0 in (65) is 

positive and decreases monotonically in ς towards zero at ς ⇓ ⇔. With (4) and ς ↘
0, (65) leads to the bounds

]︄]︄p
]︄]︄2
2 >

1
2
εT ⌋︄

Q2 (ςQ + 2I)→1⌈︄ ε + 1
N

= 2ϑ 2

ς
>

1
N

Hence, we conclude that the largest eigenvalue satis#es the lower bound

ς1 > 2

⎪
ϑ]︄]︄p
]︄]︄
2

⏐2

(67)

and the upper bound

ς1 < 2ϑ 2N (68)

The lower bound (67) also follows from the Rayleigh inequality [1, art. 251], stating that 
wTωw
wTw ↗ ς1 for any vector w and that equality only is achieved if w = v1, the eigenvector 
of ω belonging to eigenvalue ς1. If w = p and recalling, as mentioned in the Introduc-
tion (Section 1), that pTωp = 2ϑ 2, then the Rayleigh inequality indicates that ς1 ↘ 2ϑ 2

pTp . 
Finally, Lemma 13 shows that, generally5, p ⇐= v1. Hence, the strict inequality in (67) is 
demonstrated for non-resistance-regular graphs, where ε ⇐= RG

N2 u.

5 Only in resistance-regular graphs, where ε = RG
N2 u, then p = u

N = v1≃
N
.
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8.1.2. Smallest (in absolute value) eigenvalue ε2
Lemma 8: For |ς| < 2

µ1
, The Taylor series of the function (64) around ς0 = 0, convergent 

for |ς| < 2
µ1

 is

f (ς) = 2ϑ 2 →
]︄]︄p

]︄]︄2
2 ς +

⇔⌊︄

j=2
(→1)j

εTQj+1ε

2j+1 ςj (69)

The Taylor series around ς0 = 0,

f (ς)
⌉︄
1 + ς

µ1

2

{︄
= 2ϑ 2 + ς

⌉︄
µ1ϑ

2 →
]︄]︄p

]︄]︄2
2

{︄
+ 1

2

)︄
εTQ3ε

4
→ µ1

]︄]︄p
]︄]︄2
2

[︄
ς2

+
⇔⌊︄

m=3
(→1)m

)︄
εTQm+1ε → µ1εTQmε

2m+1

[︄
ςm (70)

converges for |ς| < 2
µ2
, provided that µ1 > µ2.

 Proof: We rewrite (64) as

f (ς) = 2ϑ 2 → ς

N
→ ς

4

N→1⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

1 + ς µk
2

Invoking the geometric series 1
1+ς

µk
2

= }︄⇔
j=0(→1)j(µk

2 )jςj, valid for |ς| < 2
µk
, results in 

the Taylor series of f (ς) around ς = 0 and converging for |ς| < 2
µ1
,

f (ς) = 2ϑ 2 → ς

N
→ ς

4

⇔⌊︄

j=0

(→1)j

2j

N→1⌊︄

k=1

µ
2+j
k

⌉︄
εTzk

{︄2
ςj

With the spectral decomposition 
}︄N→1

k=1 µ
2+j
k (εTzk)2 = εTQ2+jε , the Taylor series sim-

pli#es to

f (ς) = 2ϑ 2 → ς

N
→

⇔⌊︄

j=0
(→1)j

εTQj+2ε

2j+2 ςj+1

= 2ϑ 2 →
)︄
1
N

+ εTQ2ε

4

[︄
ς +

⇔⌊︄

j=2
(→1)j

εTQj+1ε

2j+1 ςj

Invoking ↔p↔22 = 1
4ε

TQ2ε + 1
N  in (4) leads to (69). The Taylor series (70) is similarly 

derived as that of (69). ↭

In order to compute the zero |ς2| > 2
µ1

 with Lagrange series, we must enlarge the con-
vergence radius of the Taylor series (69). The Taylor series (70) converges for |ς| < 2

µ2
, 
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provided that µ1 > µ2, and still has the same zero ς2. The Lagrange series ς2(K) (explic-
itly given in [14, Equation (77) in Appendix A]) with K terms converges to the zero 
ς2 = limK⇓⇔ ς2(K). For example with K = 1,

ς2 (1) = → 2ϑ 2

µ1ϑ 2 →
]︄]︄p

]︄]︄2
2

= → 2

µ1 →
]︄]︄p

]︄]︄2
2

ϑ 2

< → 2
µ1

reduces to the #rst Newton-Raphson estimate, starting at ς = 0. We list a few further terms 
with K = 2 and K = 3,

ς2 (2) = → 2ϑ 2

µ1ϑ 2 →
]︄]︄p

]︄]︄2
2

→
2ϑ 4

⌉︄
1
4ε

TQ3ε → µ1
]︄]︄p

]︄]︄2
2

{︄

⌉︄
µ1ϑ 2 →

]︄]︄p
]︄]︄2
2

{︄3

ς2 (3) = → 2ϑ 2

µ1ϑ 2 →
]︄]︄p

]︄]︄2
2

→
2ϑ 4

⌉︄
1
4ε

TQ3ε → µ1
]︄]︄p

]︄]︄2
2

{︄

⌉︄
µ1ϑ 2 →

]︄]︄p
]︄]︄2
2

{︄3

→ ϑ 6 ⌋︄
µ1εTQ3ε → εTQ4ε

⌈︄2

2
⌉︄
µ1ϑ 2 →

]︄]︄p
]︄]︄2
2

{︄4 +
4ϑ 6

⌉︄
1
4ε

TQ3ε → µ1
]︄]︄p

]︄]︄2
2

{︄2

⌉︄
µ1ϑ 2 →

]︄]︄p
]︄]︄2
2

{︄5

Adding more terms becomes unwieldy as in most Lagrange series. The power of charac-
teristic coe$cients, that led to the Lagrange series, lies in the fact that we can compute 
symbolically any Taylor series (48) up to any desired number of terms. Numerical com-
putations (with Mathematica) indicate that the Lagrange series converges reasonably well. 
For a few instances of an Erdos-Renyi graph G0.7(10) with N = 10 nodes and link density 
p = 0.7, we found6 about 3 digits correct after K = 2 terms, 4 digits correct after K = 10 
terms, 5 digits after K = 30 terms, 6 digits after K = 47 terms.

A motivation to compute ς2 lies in the condition number ↩(ω) = ↔ω→1↔↔ω↔ ↘
↔ω→1ω↔ = 1. If we choose the Euclidean or ↔.↔2 norm, then ↩(ω) = ς1

|ς2| . The condition 
number ↩(ω) measures the sensitivity of ω→1 in numerical computations. A high condi-
tion number ↩(ω) points to numerical instability, which plays a crucial role in the inverse 
shortest path problem [3, Appendix] if µ1 = O(N) and, hence, ς2 = O( 1

N ) for a large size 
N of the graph.

8.1.3. Largest eigenvalue ε1
Lemma 9 is the vehicle to deduce a set of increasingly accurate upper and lower bounds of 
the largest eigenvalue ς1:

Lemma 9: For | 2
µN→1

| < |ς|, the function (64) can be expanded as

f (ς) = → ς

N
+ 2RG

N2 +
⎪

εTε →
)︄
RG
N

[︄2
⏐

1
ς

+
⇔⌊︄

m=2

(→1)m→1 2m→1εT ⌋︄
Q†⌈︄m→1

ε

ςm (71)

6 We relied on numerical computations of all involved quantities µ1, ε , p and ε TQmε  and ignored the e"ect of their accuracy 
on the convergence of the Lagrange series. Most likely with exact values, the convergence may be faster.
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 Proof: For large |ς|, the Taylor expansion of the function f (ς) in (64) is, using 1
µk+ 2

ς
=

1
µk

}︄⇔
m=0(→ 2

µk
)m 1

ςm  valid for | 2
µkς

| < 1 for any 1 ↗ k ↗ N → 1,

f (ς) = 2ϑ 2 → ς

N
→ 1

2

N→1⌊︄

k=1

µk
⌉︄
εTzk

{︄2 ⇔⌊︄

m=0

)︄
→ 2

µk

[︄m 1
ςm

= 2ϑ 2 → ς

N
→ 1

2

N→1⌊︄

k=1

µk
⌉︄
εTzk

{︄2
+

N→1⌊︄

k=1

⌉︄
εTzk

{︄2 1
ς

+
⇔⌊︄

m=2
(→1)m→1 2m→1

N→1⌊︄

k=1

⌋︄
εTzk

⌈︄2

µm→1
k

1
ςm

Using the spectral decompositions,
\︂
⎛⎛⎛⎞

⎛⎛⎛⎡

}︄N→1
k=1 µk

⌋︄
εTzk

⌈︄2 = εTQε
}︄N→1

k=1
⌋︄
εTzk

⌈︄2 = εTε →
⌋︄
εTu

⌈︄2

N = εTε → 1
N

⌉︄
RG
N

{︄2

}︄N→1
k=1

⌋︄
εTzk

⌈︄2

µm→1
k

= εT ⌋︄
Q†⌈︄m→1

ε > 0 for m > 1

we #nd, for large ς > 2
µN→1

, that

f (ς) = → ς

N
+ 2

)︄
ϑ 2 → 1

4
εTQε

[︄
+

⎪

εTε →
)︄
RG
N

[︄2
⏐

1
ς

+
⇔⌊︄

m=2

(→1)m→1 2m→1εT ⌋︄
Q†⌈︄m→1

ε

ςm

Invoking the de#nition (5) of ϑ 2 = RG
N2 + 1

4ε
TQε  leads to the Taylor series of f (ς), valid 

for |ς| > 2
µN→1

, to (71). ↭

Since f (ς1) = 0 and ς1 > 2
µN→1

, the #rst order in (71), ignoring the O( 1ς ) contribution, 
is f (ς) ⇒ 1

N (→ς + 2RG
N ) and leads to the estimate ς1 ⇒ 2RG

N , which is rather weak, because 
the bound ς1 ↘ 2RG

N  holds [1, (5.33)].
After ignoring the O( 1

ς2 ) terms in (71), which are negative for su$ciently large ς, the 
expansion (71) becomes

f (ς) ↘ → ς

N
+ 2RG

N2 +
⎪

εTε → 1
N

)︄
RG
N

[︄2
⏐

1
ς

Finding the zero, i.e. f (ς1) = 0, translates to a quadratic equation in ς,

ς2 → 2RG
N

ς →
⎪

NεTε →
)︄
RG
N

[︄2
⏐

= 0
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with roots ς± = RG
N ±

⎜
NεTε . The smaller root ς→ = RG

N →
⎜
NεTε  violates the condi-

tion ς > 2
µN→1

, but the largest root

ς1 ↗ RG
N

+
⎜
NεTε (72)

seems an accurate upper bound, sharper than (68).
We can continue in sharpening the estimate for the largest eigenvalue ς1. After ignoring 

the positive O( 1
ς3 ) terms (for su$ciently large ς), we have a lower bound

f (ς) < → ς

N
+ 2RG

N2 +
⎪

εTε → 1
N

)︄
RG
N

[︄2
⏐

1
ς

→ 2εTQ†ε

ς2

whose right-hand side translates to a cubic polynomial in ς,

ς3 → 2RG
N

ς2 →
⎪

NεTε →
)︄
RG
N

[︄2
⏐

ς + 2NεTQ†ε = 0

Cardano’s solution, that is involved and here omitted, can be symbolically computed. 
Increasing one order and ignoring O( 1

ς4 )-terms,

f (ς) > → ς

N
+ 2RG

N2 +
⎪

εTε → 1
N

)︄
RG
N

[︄2
⏐

1
ς

→ 2εTQ†ε

ς2 + 4εT ⌋︄
Q†⌈︄2 ε

ς3

is again an upper bound, that results in a quartic polynomial in ς,

ς4 → 2RG
N

ς3 →
⎪

NεTε →
)︄
RG
N

[︄2
⏐

ς2 +
⌉︄
2NεTQ†ε

{︄
ς → 4NεT

⌉︄
Q†

{︄2
ε = 0

which is the last polynomial whose exact zeros are still generally possible to express in 
closed form (e.g. by Mathematica). In summary, it is possible to #nd a tighter upper bound 
than (72), although its closed form is unattractively involved.

8.1.4. Smallest eigenvalue εN
We aim to bound the smallest eigenvalue ςN < 0, which is second largest, i.e. |ςN | < ς1, in 
absolute value eigenvalue of ω, because 

}︄N
j=2 |ςj| = ς1 and |ςj| > 0 for each 1 ↗ j ↗ N.

Lemma 10: The smallest eigenvalue ςN of the e!ective resistance matrix ω is upper bounded 
by

ςN < →
)︄

1
µN→1

→ RG
N

[︄
→

⎟)︄
RG
N

+ 1
µN→1

[︄2
+ N

⌋︄
εTzN→1

⌈︄2 (73)



LINEAR AND MULTILINEAR ALGEBRA  1353

 Proof: The de#nition (64) of the function f (ς) shows that

f (→ |ς|) = 2ϑ 2 + |ς|
N

→ 1
2

N→2⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk → 2
|ς|

→ 1
2

µ2
N→1

⌋︄
εTzN→1

⌈︄2

µN→1 → 2
|ς|

(74)

and f (→|ς|) is strictly increasing in |ς|. If |ς| > 2
µN→1

, which is equivalent to µk > µN→1 >
2

|ς|  for 1 ↗ k < N → 1, then the sum in (74) is bounded by

N→2⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk → 2
|ς|

>
N→2⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk

=
N→2⌊︄

k=1

µk
⌉︄
εTzk

{︄2
=

N→1⌊︄

k=1

µk
⌉︄
εTzk

{︄2
→ µN→1

⌉︄
εTzN→1

{︄2

= εTQε → µN→1

⌉︄
εTzN→1

{︄2

Hence,

→
N→2⌊︄

k=1

µ2
k
⌋︄
εTzk

⌈︄2

µk → 2
|ς|

< →εTQε + µN→1

⌉︄
εTzN→1

{︄2

Introducing this inequality into (74) gives

f (→ |ς|) < 2ϑ 2 + |ς|
N

→ 1
2
εTQε + 1

2
µN→1

⌉︄
εTzN→1

{︄2
→ 1

2
µ2
N→1

⌋︄
εTzN→1

⌈︄2

µN→1 → 2
|ς|

After simpli#cation as in Lemma 9, we #nd, for |ς| > 2
µN→1

, the bound

f (→ |ς|) <
|ς|
N

+ 2RG
N2 → µN→1

⌋︄
εTzN→1

⌈︄2

|ς| µN→1 → 2
(75)

The Interlacing Theorem 1 states that →ςN ↘ 2
µN→1

 indicating that inequality (75) is valid 
for |ςN |. Moreover, ςN satis#es f (→|ςN |) = 0 and the inequality (75) becomes, with x =
|ςN |,

0 <
x
N

+ 2RG
N2 → µN→1

⌋︄
εTzN→1

⌈︄2

xµN→1 → 2

After multiplying both sides with xµN→1 → 2 > 0, we #nd the quadratic inequality

0 < x2 + 2
)︄
RG
N

→ 1
µN→1

[︄
x →

)︄
4RG

NµN→1
+ N

⌉︄
εTzN→1

{︄2[︄

which we factor as 0 < (x → x→)(x → x+) with x→ and x+ are the negative and positive 
root, respectively. The positive root x+ lower bounds |ςN | > x+, which is equivalent to 
the upper bound (73). ↭
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We rewrite the upper bound (73) as

ςN < →
)︄

1
µN→1

→ RG
N

[︄
→

)︄
1

µN→1
+ RG

N

[︄
⟨︂⟩︂⟩︂⟩︂⨆︁1 + N

⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2

Due to orthogonality zTN→1zN = 0, the eigenvector zN→1 must contain at least one negative 
component and (εTzN→1)2 < (εTzN)2 = 1

N (εTu)2 = 1
N (RGN )2. Hence, N(εTzN→1)2

(
RG
N + 1

µN→1
)2

< 1, 

and the Taylor expansion (1 + z)ϕ = }︄⇔
k=0

⌋︄ϕ
k
⌈︄
zk, valid for any complex ϕ and |z| < 1, 

indicates that7

S =

⟨︂⟩︂⟩︂⟩︂⨆︁1 + N
⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2 =
⇔⌊︄

k=0

(2k)! (→1)k+1

22k (2k → 1) (k!)2

⟩︄

⨆︂/︄
N

⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2

\︄

∮︁/︂

k

= 1 + 1
2

N
⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2 → 1
8

⟩︄

⨆︂/︄
N

⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2

\︄

∮︁/︂

2

+ · · ·

Moreover, the Taylor series S is alternating from k>0 on with decreasing terms, for which 
it holds

1 + 1
2

N
⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2 → 1
8

⟩︄

⨆︂/︄
N

⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2

\︄

∮︁/︂

2

< S < 1 + 1
2

N
⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄2

Thus, we #nd that

ςN < → 2
µN→1

→ 1
2
N

⌋︄
εTzN→1

⌈︄2
⌉︄
RG
N + 1

µN→1

{︄ + 1
8

N
⌋︄
εTzN→1

⌈︄4
⌉︄
RG
N + 1

µN→1

{︄3

which improves the Interlacing Theorem 1. Numerical evaluations shows that the upper 
bound (73) is sharp.

Since ς1 = → }︄N
j=2 ςj, the upper bound (68) implies that all eigenvalues of ω lie in the 

interval [→2ϑ 2N, 2ϑ 2N]. A more precise determination of the interval [ςN , ς1] is obtained 

7 Indeed,
)︄ 1

2
k

[︄
= (( 12 + 1)

k!(( 12 + 1 → k)
= (→1)k+1

1
2(( 12 )(

⌋︄
k → 1

2

⌈︄

)k!

= (→1)k+1
1
2(( 12 )

)k!
4
≃

)((2k → 1)
22k (k → 1)!

= (→1)k+1 (2k → 2)!
22k→1k! (k → 1)!

= (→1)k+1 (2k → 2)!
22k→1k! (k → 1)!

= (→1)k+1 (2k)!

22k (2k → 1) (k!)2

where in the first line the reflection formula ((z)((1 → z) = )
sin)z  for the Gamma function and in the second the 

duplication formula ((2z) = 1
2
≃

)
22z((z)((z + 1

2 ) of the Gamma function (see e.g. [15]) have been used.
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with the upper bound (72) for ς1 and the accurate (68), although (68) is an upper bound, 
while a lower bound would have been ‘safer’.

Finally, by Taylor expansion of (29) in w = y + µj around w = 0, a tedious computation 
(neglecting8O(w) terms) shows that

ςj < → 2
µj

⟩︄

⨆︂/︄1 + µj
⌋︄
εTzj

⌈︄2

4
⌉︄
ϑ 2 + 1

Nµj

{︄
→ }︄N→1

k=1;k⇐=j
µ2
k
⌋︄
εTzk

⌈︄2

µk→µj

\︄

∮︁/︂

→1

which improves upon the estimate of Interlacing Theorem 1.

8.2. The eigenvalues of the Laplacian matrix Q

Similarly as the function f (ς) in (64) in Section 8.1, we de#ne from ϑ 2 = }︄N
j=1

(pTvj)2

µ+ 2
ςj

in (26) the monotonously increasing function in µ,

h (µ) = ϑ 2 →
N⌊︄

j=1

⌋︄
pTvj

⌈︄2

µ + 2
ςj

(76)

that satis#es h∝(µ) = }︄N
j=1

(pTvj)2

(µ+ 2
ςj

)2
> 0. Similarly as the transformation of the partial 

fraction (28) into the quadratic form (30), we #nd

h (µ) = ϑ 2 → pT
⌋︄
µI + 2ω→1⌈︄→1 p (77)

which illustrates that the rational function h(µ) has N poles at the eigenvalues of →2ω→1, 
while the N zeros of h(µ) are the Laplacian eigenvalues. For example, if µ = 0, then (77) 
simpli#es to

h (0) = ϑ 2 → 1
2
pTωp

Since 2ϑ 2 = pTωp, we #nd h(0) = 0 and, indeed, µ = 0 is an eigenvalue of the Laplacian 
Q. Thus, we can reform (77) as

h (µ) = µ

4
pTω2

⌉︄µ

2
ω + I

{︄→1
p

Without poles on the positive real axis, the function h(µ) increases continuously from 0 
to ϑ 2. However, at µ = → 2

ςk
 for an integer k satisfying 2 ↗ k ↗ N, the function h(µ) has a 

simple9 pole at which h(µ) switches from +⇔ for µ = → 2
ςk

→ ε to →⇔ for µ = → 2
ςk

+ ε
for arbitrary small ε > 0. The increasing nature of h(µ) indicates that h(µ) can only 
have one zero in the interval (→ 2

ςk
,→ 2

ςk+1
). For example, the function h(µ) increases 

8 If we neglect O(w2), then also an analytic result as roots of a quadratic polynomial can be found, which is, however, 
unwieldy and omitted.

9 Recall that we assume simple eigenvalues.
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from h(µ) = 0 at µ = 0 until h(µ) > 0 for µ < → 2
ς2
. At µ = → 2

ς2
, the function h(µ)

switches from +⇔ for µ = → 2
ς2

→ ε to →⇔ for µ = → 2
ς2

+ ε and ε > 0 is arbitrary small. 
Hence, h(µ) can only have a zero for µ > → 2

ς2
, implying that the algebraic connectivity 

µN→1 > → 2
ς2
, which is in agreement with the Interlacing Theorem 1. Although there is a 

pole at µ = → 2
ς1

< 0, the function h(µ) has only non-negative zeros (in agreement to the 
Laplacian eigenvalues): h(µ) increases from µ = →⇔ at ϑ 2 towards +⇔ at the pole µ =
→ 2

ς1
→ ε, switches to →⇔ at µ = → 2

ς1
+ ε, from which h(µ) increases towards its #rst zero

at h(0) = 0.

8.2.1. Estimate of a Laplacian eigenvalue
Theorem 11 sharpens the Interlacing Theorem 1 if all eigenvalues are distinct, i.e. simple.

Theorem 11: A simple Laplacian eigenvalue µk, but not the largest µ1 nor the smallest µN =
0, is upper bounded by

µk < → 2
ςk

+

⎪

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
→ 2

ςk

{︄

⏐

→

⟨︂⟩︂⟩︂⨆︁
⎪

↽k +
⌋︄
pTvk+1

⌈︄2→
⌋︄
pTvk

⌈︄2

rk
⌉︄
→ 2

ςk

{︄

⏐2

+ 4
⌋︄
pTvk

⌈︄2⌋︄pTvk+1
⌈︄2

r2k
⌉︄
→ 2

ςk

{︄

2
(78)

and lower bounded by

µk > → 2
ςk

+

⎪

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
→ 2

ςk+1

{︄

⏐

→

⟨︂⟩︂⟩︂⨆︁
⎪

↽k +
⌋︄
pTvk+1

⌈︄2→
⌋︄
pTvk

⌈︄2

rk
⌉︄
→ 2

ςk+1

{︄

⏐2

+ 4
⌋︄
pTvk

⌈︄2⌋︄pTvk+1
⌈︄2

r2k
⌉︄
→ 2

ςk+1

{︄

2
(79)

where ↽k = → 2
ςk+1

+ 2
ςk

> 0 and rk(µ) = h(µ) + (pTvk)2

µ+ 2
ςk

+ (pTvk+1)
2

µ+ 2
ςk+1

 with the function 

h(µ) de"ned in (76).

 Proof: We write

h (µ) = rk (µ) →
⌋︄
pTvk

⌈︄2

µ + 2
ςk

→
⌋︄
pTvk+1

⌈︄2

µ + 2
ςk+1
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where

rk (µ) = ϑ 2 →
k→1⌊︄

j=1

⌋︄
pTvj

⌈︄2

µ + 2
ςj

→
N⌊︄

j=k+2

⌋︄
pTvj

⌈︄2

µ + 2
ςj

= µ

4
pTω2

⌉︄µ

2
ω + I

{︄→1
p

+
⌋︄
pTvk

⌈︄2

µ + 2
ςk

+
⌋︄
pTvk+1

⌈︄2

µ + 2
ςk+1

is regular at any point µ in the interval [→ 2
ςk
,→ 2

ςk+1
], if we exclude µ1 because ς1 > 0. 

Since each term →(pTvj)2

µ+ 2
ςj

 in the de#ning sum (76) of h(µ) is strictly increasing, also rk(µ)

is a strictly increasing function in µ, so that 0 < rk(→ 2
ςk

) < rk(µ) < rk(→ 2
ςk+1

). The zero 
µ′ ↓ (→ 2

ςk
,→ 2

ςk+1
) satis#es

rk
⌋︄
µ′⌈︄ →

⌋︄
pTvk

⌈︄2

µ′ + 2
ςk

→
⌋︄
pTvk+1

⌈︄2

µ′ + 2
ςk+1

= 0

where → (pTvk)2

µ′+ 2
ςk

< 0 and rk(µ′) → (pTvk+1)
2

µ′+ 2
ςk+1

> 0 and which is equivalent to

rk
⌋︄
µ′⌈︄

)︄
µ′ + 2

ςk

[︄)︄
µ′ + 2

ςk+1

[︄
→

⌉︄
pTvk

{︄2 )︄
µ′ + 2

ςk+1

[︄

→
)︄

µ′ + 2
ςk

[︄ ⌉︄
pTvk+1

{︄2
= 0 (80)

Let y = µ′ + 2
ςk
, then

rk
)︄
y → 2

ςk

[︄
y
)︄
y + 2

ςk+1
→ 2

ςk

[︄
→

⌉︄
pTvk

{︄2 )︄
y + 2

ςk+1
→ 2

ςk

[︄
→ y

⌉︄
pTvk+1

{︄2
= 0

After simpli#cation, we #nd the quadratic equation in y,

rk
)︄
y → 2

ςk

[︄
y2 +

∮︂
rk

)︄
y → 2

ςk

[︄)︄
2

ςk+1
→ 2

ςk

[︄
→

⌉︄
pTvk

{︄2
→

⌉︄
pTvk+1

{︄2⨀︁
y

→
⌉︄
pTvk

{︄2 )︄
2

ςk+1
→ 2

ςk

[︄
= 0

Since rk(y → 2
ςk

) does not contain a zero for y ↓ [0,→ 2
ςk+1

+ 2
ςk
], we arrive, with ↽k =

→ 2
ςk+1

+ 2
ςk

> 0 at the quadratic equation in y

y2 →

\︂
⎞

⎡↽k +
⌋︄
pTvk

⌈︄2 +
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y → 2

ςk

{︄

⨀︂
⨁︁

⨁︂ y +
⌉︄
pTvk

{︄2 ↽k

rk
⌉︄
y → 2

ςk

{︄ = 0 (81)
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with roots

y± =

⎪

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄

⏐

±

⟨︂⟩︂⟩︂⨆︁
⎪

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄

⏐2

→ 4
⌋︄
pTvk

⌈︄2
↽k

rk
⌉︄
y→ 2

ςk

{︄

2

Since rk(y → 2
ςk

) > 0 in [0,→ 2
ςk+1

+ 2
ςk
], the discriminant

1 =

⟩︄

/︄↽k +
⌋︄
pTvk

⌈︄2 +
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y → 2

ςk

{︄

\︄

/︂
2

→ 4
⌋︄
pTvk

⌈︄2
↽k

rk
⌉︄
y → 2

ςk

{︄

=

⟩︄

/︄↽k +
⌋︄
pTvk+1

⌈︄2 →
⌋︄
pTvk

⌈︄2

rk
⌉︄
y → 2

ςk

{︄

\︄

/︂
2

+ 4
⌋︄
pTvk

⌈︄2 ⌋︄
pTvk+1

⌈︄2

r2k
⌉︄
y → 2

ςk

{︄ > 0

is positive and the quadratic equation has two positive zeros,

y± =

⎪

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄

⏐

±

⟨︂⟩︂⟩︂⨆︁
⎪

↽k +
⌋︄
pTvk+1

⌈︄2→
⌋︄
pTvk

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄

⏐2

+ 4
⌋︄
pTvk

⌈︄2⌋︄pTvk+1
⌈︄2

r2k
⌉︄
y→ 2

ςk

{︄

2

It remains to determine the zero lying in the interval [0, ↽k = → 2
ςk+1

+ 2
ςk
]. It holds that 

↽k + (pTvk)2+(pTvk+1)
2

rk(y→ 2
ςk

)
> ↽k, but ↽k + (pTvk+1)

2→(pTvk)2

rk(y→ 2
ςk

)
 can be smaller than ↽k, in which case 

there are two zeros in the interval, which is not possible. We are certain that the minus sign 
always lies in [0, ↽k]. Hence, we translate back with y = µ′ + 2

ςk
 to

µ′ = → 2
ςk

+

)︄
↽k +

⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk(µ′)

[︄
→

⎟)︄
↽k +

⌋︄
pTvk+1

⌈︄2→
⌋︄
pTvk

⌈︄2

rk(µ′)

[︄2
+ 4

⌋︄
pTvk

⌈︄2⌋︄pTvk+1
⌈︄2

r2k(µ′)

2

which is a kind of self-consistent equation in µ′. We now invoke the bounds r(→ 2
ςk

) <

r(µ) < r(→ 2
ςk+1

) and arrive at (78 ) and (79). ↭

Numerical results indicate that the upper (78) and lower bound (79) are quite tight and 
improve the bounds of the Interlacing Theorem 1.

Example: Figure 1 exempli#es the function h(x) in (76), where the zeros of h(x) = 0
correspond to eigenvalues of the Laplacian matrix, which are

µ = {9.60807, 8.72603, 8.3247, 7.53112, 6.87167, 5.83041, 5.1015, 4.34396, 3.66254, 0}

The vector →2/ς, without → 2
ς1

= →0.664381 and → 2
ς2

= 9.38741,

→2/ς = {8.70826, 8.12108, 7.50029, 6.70122, 5.7162, 5.09825, 4.33186, 3.6209}
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Figure 1. The function h(x) in (76) versus x for an instance of an Erdos-Renyi random graph Gp(N) with 
link density p on N = 10 nodes, specified by the shown adjacency matrix in the rectangle with zero-one 
entries. The vertical asymptotes are shown in blue; only the largest vertical asymptote is drawn in green.

corresponds to the vertical asymptotes in blue in Figure 1. The lower bounds, computed 
by (79)

{8.72203, 8.3001, 7.52689, 6.84159, 5.82106, 5.10121, 4.34182, 3.65939}

and the upper bounds (78),

{8.72631, 8.33856, 7.53147, 6.87952, 5.83147, 5.1015, 4.34399, 3.66272}

are closer to the eigenvalues µ than the vertical asymptotes at →2/ς.

A slightly easier, but less accurate estimate of a Laplacian eigenvalue µ′ than Theorem 11 
is obtained for small y, by ignoring y2 in the quadratic equation (81), leading to the 
inequality,

→

\︂
⎞

⎡↽k +
⌋︄
pTvk

⌈︄2 +
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y → 2

ςk

{︄

⨀︂
⨁︁

⨁︂ y +
⌉︄
pTvk

{︄2 ↽k

rk
⌉︄
y → 2

ςk

{︄ = →y2 < 0

from which

y < ↽k

⌋︄
pTvk

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄

↽k +
⌋︄
pTvk

⌈︄2+
⌋︄
pTvk+1

⌈︄2

rk
⌉︄
y→ 2

ςk

{︄
< ↽k
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9. Conclusion

Given the eigenvalues and eigenvectors of either the e!ective resistance matrix ω or the 
Laplacian matrix Q of a graph G allows the computation of the eigenvectors of the other 
matrix. Hence, there is a nice one-to-one relation, which is, unfortunately, not existent for 
the adjacency matrix and the Laplacian matrix. Several new formulae, e.g. in Theorem 2, 
Corollary 4 and 3 and several bounds on eigenvalues in Section 8, are derived from the 
one-to-one correspondence between ω and Q. Theorems 6 and 7 provide the coe$cients 
ak(Q) and am(ω) of the characteristic polynomials pQ(µ) and pω(ς). Finally, we improve 
the Interlacing Theorem 1 by bounds in Theorem 11.

We have con#ned the analysis to connected graphs that obey the restriction µk + 2
ςj

⇐= 0
for all 1 ↗ j, k ↗ N. An extension of the Theorems to graphs that violate that restriction 
stands on the agenda for future work. The functions f (ς) in (64) and h(µ) in (76), that 
encode the entire set of eigenvalues, enable that still sharper bounds than those presented 
here can be found.
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Appendices

Appendix 1. double orthogonality of the row and column vectors of the 
orthogonal matrix C in (eqn24)
Orthogonality of a matrix implies double orthogonality [1, art. 248] in its corresponding column 
vectors, which applied to the matrix C in (24) implies that

vTk vm = ϕkϕm

⟩︄

/︄
N→1⌊︄

j=1

⌋︄
µj

⌋︄
εTzj

⌈︄⌈︄2
⌋︄
2 + ςkµj

⌈︄ ⌋︄
2 + ςmµj

⌈︄ + 1
N

\︄

/︂ = ↽km

and for the row vectors

µk
⌉︄
εTzk

{︄
µm

⌉︄
εTzm

{︄ N⌊︄

j=1

ϕ2
j⌋︄

2 + ςjµk
⌈︄ ⌋︄
2 + ςjµm

⌈︄ = ↽kmfor m ⇐= N

µk
⌋︄
εTzk

⌈︄
≃
N

N⌊︄

j=1

ϕ2
j

2 + ςjµk
= 0for k ⇐= N

In the sequel, we prove both orthogonality relations. First, for the columns of the orthogonal matrix 
C, partial fraction expansion yields

1
(2 + ςkx) (2 + ςmx)

=
ςk
2

(ςk → ςm) (2 + ςkx)
+

ςm
2

(ςm → ςk) (2 + ςmx)
(A1)

so, for k ⇐= m,

vTk vm = ϕkϕm

⟩︄

/︄
ςk
2

(ςk → ςm)

N→1⌊︄

j=1

⌋︄
µj

⌋︄
εTzj

⌈︄⌈︄2
⌋︄
2 + ςkµj

⌈︄ →
ςm
2

(ςk → ςm)

N→1⌊︄

j=1

⌋︄
µj

⌋︄
εTzj

⌈︄⌈︄2
⌋︄
2 + ςmµj

⌈︄ + 1
N

\︄

/︂

Each eigenvalue ςm obeys the eigenvalue partial fraction (29)

ςm
2

N→1⌊︄

j=1

µ2
j
⌋︄
εTzj

⌈︄2

ςmµj + 2
= 2ϑ 2 → ςm

N

showing that vTk vm = 0.

https://doi.org/10.1093/comnet/cny036
https://doi.org/10.37236/5295
https://doi.org/10.1080/03081087.2013.877011
https://doi.org/10.1016/j.laa.2024.03.035
https://doi.org/10.1007/BF01206550
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Similarly, for the rows of the orthogonal matrix C, partial fraction expansion
1

(2 + xµk) (2 + xµm)
=

µk
2

(µk → µm) (2 + µkx)
+

µm
2

(µm → µk) (2 + µmx)
yields

N⌊︄

j=1

ϕ2
j⌋︄

2 + ςjµk
⌈︄ ⌋︄
2 + ςjµm

⌈︄ =
µk
2

(µk → µm)

N⌊︄

j=1

ϕ2
j⌋︄

2 + µkςj
⌈︄ →

µm
2

(µk → µm)

N⌊︄

j=1

ϕ2
j⌋︄

2 + µmςj
⌈︄

and the eigenvalue partial fraction (28) shows that the right-hand side equals zero.

Appendix 2. the resistance curvature vector p
It seems interesting10 to determine the sign of the component pi in the resistance curvature vector 
p = (p1, p2, . . . , pN). In the following subsections, we derive several decompositions of the vector p, 
apart from

p = 1
2

N→1⌊︄

k=1

⌉︄
µkε

Tzk
{︄
zk + u

N

which directly follows from the de#nition p = 1
2Qε + u

N  in (3) and spectral decomposition Q =}︄N→1
k=1 µkzkzTk .
We start with two lemma’s.

Lemma 12: The all-one or unity vector u is not an eigenvector of the e!ective resistance matrix ω of a 
non-resistance-regular graph.

 Proof: It follows (see also [1, Equation (5.30), p. 186]) from the de#nition (1) and εTu = RG
N  that

ωu = Nε + RG
N

u

Only if the graph is resistance-regular, then the vector ε = RG
N2 u and then the vector u is an 

eigenvector of ω. ↭

Lemma 13: The resistance curvature vector p is not an eigenvector of the e!ective resistance matrix ω
of a non-resistance-regular graph.

 Proof: Suppose that the resistance curvature vector p is an eigenvector of e!ective resistance matrix 
ω, belonging to eigenvalue ςk, then p satis#es the eigenvalue equation ωp = ςkp. The orthogo-
nality of the eigenvectors vTk vj = ↽kj indicates that the vector p obeys vTj p = 0 for all 1 ↗ j ↗ N, 
except for j = k. It su$ces to show that vTj p = 0 for 1 ↗ j ↗ N is not possible in a non-resistance-
regular graph. We give four di!erent arguments. (i) for a non-resistance-regular graph, the condition 
that vTj p = 0 in (A2) or (A6 ) would imply that vTj Qvj = → 2

ςj
= vTj ωvj, which is only possible in 

‘resistance-regular graphs’. (ii) The case vTk p = 0 in (A3) is only possible if vTk Qvj = 0, which means 
that either vk = u≃

N
 or vj = u≃

N
. The latter is, again, only possible in ‘resistance-regular graphs’. (iii) 

Since the resistance curvature vector p is the eigenvector of the matrix Qω belonging to the zero 
eigenvalue [1, p. 181-182], it holds that Qωp = 0. The fact that ωp = ςkp would be equivalent to 
Qp = 0, which implies that p = ϕzN = ϕu≃

N
 for some non-zero constant ϕ. (iv) By the de#nition (2), 

it holds that ωp = 2ϑ 2u. If p were an eigenvector satisfying ωp = ςkp for some eigenvalue ςk

10 Private communication with Karel Devriendt.
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of ω, then p = 2ϑ 2

ςk
u. Lemma 12 shows, for a non-resistance-regular graph, that p cannot be an

eigenvector of ω. ↭

A.1 Signs of three scalar products

(a) We use pTvj = 2ϑ 2 uTvj
ςj

 in (12) into p = }︄N
j=1(pTvj)vj, then

p = 2ϑ 2
N⌊︄

j=1

uTvj
ςj

vj = 2ϑ 2 uTv1
ς1

v1 → 2ϑ 2
N⌊︄

j=2

uTvj⎭⎭ςj
⎭⎭ vj

The Perron-Frobenius Theorem [1, art. 269] of non-negative matrices indicates that the compo-
nents of the principal eigenvector v1 are all positive in a connected graph G. Thus, only if j = 1, the 
sign(pTv1) = sign(uTv1) > 0, else sign(pTvj) = → sign(uTvj).

(b) Introducing the de#nition p = 1
2Qε + u

N  in (3) shows that

pTvj = 1
2
εTQvj +

uTvj
N

Relation pTvj = 2ϑ 2

ςj
uTvj in (13) then indicates that

εTQvj = 2
)︄
2ϑ 2

ςj
→ 1

N

[︄
uTvj

The upper bound 2ϑ 2

ς1
> 1

N  in (68) illustrates that sign(εTQv1) > 0, while sign(εTQvj) = →
sign(uTvj) for 2 ↗ j ↗ N.

(c) Combining ςj
2ϑ 2 pTvj = uTvj in (13) and (ςj → RG

N )uTvj = NεTvj in (14) shows, for uTvj ⇐= 0, 
that

)︄
ςj →

RG
N

[︄
ςj = 2ϑ 2N

εTvj
pTvj

We deduce for any 1 ↗ j ↗ N that sign(εTvj) = sign(pTvj) and ε
Tvj

pTvj
> 0.

Moreover, the quadratic equation

ς2
j → RG

N
ςj → 2ϑ 2N

εTvj
pTvj

= 0

has two zeros

ςj = RG
2N

±
⎟)︄

RG
2N

[︄2
+ 2ϑ 2N

εTvj
pTvj

Since ε
Tvj

pTvj
> 0, only for j = 1 we must choose the positive sign, while for j> 2, the negative sign. 

Hence,

ς1 = RG
2N

+
⎟)︄

RG
2N

[︄2
+ 2ϑ 2N

εTv1
pTv1

and, for 2 ↗ j ↗ N,

ςj = →
⎟)︄

RG
2N

[︄2
+ 2ϑ 2N

εTvj
pTvj

+ RG
2N
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A.2 Decomposition of p in the basis of eigenvectors of ω
We further derive expressions for the scalar product vTk p. Left-multiplying the #rst generalized 
eigenvalue Equation (10) by vTk

vTk Qvj = → 2
ςj
vTk vj +

2
⌋︄
uTvj

⌈︄

ςj
vTk p

leads, after invoking orthogonality of eigenvectors vTk vj = ↽kj = 1{k=j}, to

vTk p = ςjvTk Qvj
2
⌋︄
uTvj

⌈︄ +
1⨂︁

k=j
⨂︂

uTvj

Thus, if k = j, then the scalar product is

vTj p =
1
2ςjv

T
j Qvj + 1
uTvj

(A2)

else, for k ⇐= j,

vTk p = ςjvTk Qvj
2
⌋︄
uTvj

⌈︄ (A3)

The decomposition p = }︄N
j=1(pTvj)vj of the resistance curvature vector p in the basis of eigenvectors 

v1, v2, . . . , vN follows from (A2) and (A3) as

p =
⎪ 1

2ςjv
T
j Qvj + 1
uTvj

⏐

vj +
ςj

2
⌋︄
uTvj

⌈︄
N⌊︄

k=1;k ⇐=j

⌉︄
vTk Qvj

{︄
vk (A4)

Since ς1 > 0 > ς2, it is convenient to choose j = 1 and (A4) becomes

p =
⎪

1
2ς1v

T
1Qv1 + 1
uTv1

⏐

v1 + ς1

2
⌋︄
uTv1

⌈︄
N⌊︄

k=2

⌉︄
vTk Qv1

{︄
vk (A5)

where the prefactors 
1
2 ς1vT1 Qv1+1

uTv1
 and ς1

2(uTv1)
 are positive, by the Perron-Frobenius Theorem and the 

positive semi-de#niteness [1, art. 102], i.e. xTQx ↘ 0 for any vector x, of the Laplacian Q.
Either after using (13) in (A2) and (A3) or after left-multiplying the second generalized eigen-

value equation (11) by vTk  leads to

vTk Qvj = → 2
ςj
vTk vj +

1
ϑ 2

⌉︄
pTvj

{︄ ⌉︄
vTk p

{︄

we obtain, for k = j,
⌉︄
vTj p

{︄2
= ϑ 2

)︄
vTj Qvj +

2
ςj

[︄
(A6)

else

vTk Qvj = 1
ϑ 2

⌉︄
pTvj

{︄ ⌉︄
vTk p

{︄
(A7)

Equation (A7) determines the sign of pTvj and pTvk in relation to that of vTk Qvj.
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