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1. Introduction

We consider an undirected, unweighted and connected graph G, whose corresponding
graph-related matrices are symmetric. The graph G contains a set N of N nodes and a set
L of Llinks. As mentioned in my book [1], I believe that, after the adjacency matrix A and
the Laplacian matrix Q of a graph G, the effective resistance matrix Q is the third important
matrix associated with graph G. The effective resistance matrix Q is closely related to the
Laplacian matrix by

Q=cul +uc’ -2qQ" (1)

where u = (1,1, ..., 1) is the unity vector or all-one vector, the vector ¢ = (Q}Ll, Q;z, e
QLN) and QT is the pseudoinverse of the Laplacian [2], [1, Secion 4.2]. In a graph G, two
different types [3] of transport are possible that lead to either “path networks”, such as
telecommunication and transportation networks (for e.g. IP packets, cars, trains, ships,
airplanes), or flow networks), such as power grids and utility (water, gas, etc.) networks. In
a path network, the transport of items follows a single path P;; between a node pair (i, j),
whereas in a flow network, the transport from node i to node j propagates over all possible
paths from node i to node j. The effective resistance matrix € plays a crucial role in ‘flow
networks, such as electrical resistor networks [1, art. 14].

The effective resistance matrix Q is a distance matrix [ 1, art. 8]. The spectrum of distance
matrices was overviewed by Aouchiche and Hansen [4]. A fundamental relation in the
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theory of the effective resistance matrix Q is Fiedler’s block matrix [5],[1, (5.17)]

T \ ! 952 T
(2 ”;2 ) =( ;" P ) with Qp = 26%u (2)
2
where the N x 1 vector p, defined as
1 u
P=s+ 5 3)
with norm equal to
2 1 1
Plo=1ply ="+ 5 @
obeys pTu = 1, and where'
R 1
ot =t (5)

and Rg = Nul¢ = %uTQu = N trace(Q") is the effective graph resistance, an important
graph metric [1, Section 5.2], which is also known as the Kirchhoff index. The effec-
tive resistance matrix Q possesses interesting geometric properties, recently explored by
Devriendt and colleagues [6-8]. They demonstrate that the vector p in (3) has several fun-
damental properties and that 62 in (5) can be interpreted as a variance of a distribution on
a graph. In particular [9], the vector p can be interpreted as a discrete scalar curvature on
a graph, p is the solution of the optimization problem max xTQx for the vector x subject

to xTu = 1 and that maximum equals 262 = pT Qp, where

> (ow— o)’

(if)eL

0'2=

NI

for any node k in the graph G and where w;; = wj; is the effective resistance between node
i and j. We also add that the vector p is the barycentric coordinate of the circumcenter
of the simplex S of the graph [10] and ¢ is the radius of the circumcircle of the simplex
S. Each component ¢; = Q:-fl- of the vector ¢ has the property that é equals [5, Corollary
1.4.14 on p. 23] the altitude of the vertex i in the simplex S towards the face containing all
other vertices® . Following the geometry-inspired terminology of Devriendst, the vector p
is called the ‘resistance curvature’ and o is the ‘resistance radius’ of the circumcircle of the
simplex S. In comparison with the Laplacian Q = A — A, where A is the diagonal matrix
with element Aj;; = d; equal to the degree of node i and being a component of the degree
vector d = (dy, da, . . ., dn), we emphasize that the vector ¢, which we may call the ‘inverse
simplex-altitude’ vector, is equally important as the degree vector d, which is perhaps the
most prominent characterizing vector of any graph. The inverse simplex-altitude vector ¢,

L Unfortunately, there is an error in [1, p. 182], where 62 = Re + J—‘(TQ[ is written, whereas (5) correct is.

2 Any undirected graph G, with N nodes and L links, possesses a simplex S in the (N — 1)-dimensional Euclidian space,
consisting of N vertices. Each vertex in the simplex S corresponds with a node in the graph G, but a link in the graph G does
not correspond to an edge in the simplex S. To avoid confusion, we have proposed in [1, p. 2] to use nodes and links in a
graph G, while vertices and edges in the simplex S of that graph G.
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whose component (; quantifies the spreading capacity in node i, is studied in [2], where
the upper bound for the Euclidean norm ¢ ¢ = ||¢ |3 is deduced

r N ; 5 1 N-1 1
CC:Z(QmM) S(I_N)Z_z (6)
m=1 n

n=1 K

which is tight in the sense that equality is achieved if Qb = % for any node m in the

graph. Such a graph, characterized by ¢ = 1137(2;”’ is called ‘resistance-regular’ [11].
The eigenvalue equation for the N x N symmetric Laplacian matrix Q of the graph G is

Qzi = ukzx (7)

where u, is the k-th eigenvalue of Q belonging to the eigenvector zx, normalized by sz zx =
1. The real eigenvalues are ordered as in [1]: x1 > p2 > ... > uny = 0. Any Laplacian
matrix [1, art. 102] possesses the eigenvector zy = \/Lﬁ belonging to the smallest eigenvalue

1N = 0. The eigenvalue equation [1, Section 5.5] of the N x N non-negative, symmetric,
effective resistance matrix Q of the graph G is

QVJ' = ijj (8)

where p; is the j-th eigenvalue of Q belonging to the normalized eigenvector vj, i.e. vavj =
1, for 1 <j < N. The real eigenvalues are ordered as p; > p, > --- > pn. The effec-
tive resistance matrix Q in a connected graph has N—1 negative eigenvalues (see e.g. [1,
Theorem 34], but also Theorem 1 below) and only the spectral radius p; = — ZJI\L 2P >0
is positive and det Q # 0.

Here, we explicitly express the eigenvectors v, v, . . ., vy and eigenvalues p1, p2, . . ., pN
of the effective resistance matrix Q in terms of the eigenvectors z1,23,...,2y = JLN
and eigenvalues u; > up > ... > uy = 0 of the symmetric Laplacian matrix Q of an
unweighted3 , undirected graph G, and vice versa.

The article is outlined as follows. Section 2 starts by deriving two ‘generalized eigenvalue
equations’ that are consequences of Fiedler’s fundamental block-matrix equation (2). The
remainder of the article concentrates on spectral decomposition and insights deduced from
those two generalized eigenvalue Equations (10) and (11). We express the eigenvectors of
the effective resistance matrix Q as a linear combination of the eigenvectors of the Laplacian
matrix Q and vice versa in Section 3. Section 4 deduces partial fractions of the eigenval-
ues of Q in terms of the spectrum (i.e. eigenvalues and eigenvectors) of the Laplacian Q
and vice versa, from which the explicit scaled characteristic polynomials are derived in
Section 5. The characteristic polynomial of the Laplacian Q and effective resistance matrix
Q are derived in Section 6 and 7, respectively, and the coefficients of those polynomials are
explicitly deduced together with some sums of powers of eigenvalues. Section 8 focuses
on the computation of eigenvalues of the effective resistance matrix €, given the spec-
trum of the Laplacian Q, and vice versa. Section 9 concludes, while Appendix 1 proves
double orthogonality of the row and column vectors of the orthogonal matrix C in (24 ).
Appendix 2 complements the main Theorem 2 in Section 3 and tries to address — unsuc-
cessfully though - the problem of determining the sign of the components of the resistance
curvature vector p.

3 Some results can be readily extended to weighted, undirected graphs.
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2. Two generalized eigenvalue equations

We start by deducing two different almost eigenvalues Equations (10) and (11). First, we
left-multiply the eigenvalue Equation (8) by Q,

QQv;j = pjQyj
Fiedler’s block matrix identity (2) leads to
QQ = 2pu’ — 21 9)

Using (9)

piQvj =2 (uTVj) P —2v;

and the fact that each eigenvalue pj # 0, for 1 < j < N, results in, what we call, the first
generalized eigenvalue equation

2 2 (ulv;
QVJ‘ =——Y + up (10)
Pj Pj
Second, the eigenvalue equation Q~1v; = p._lvj combines with Q™! = 2(;sz.pT — %Q,
another deduction from Fiedler’s block matrix identity (2) as shown in [1, (5.17)], to a
slightly different generalized eigenvalue equation than (10),

2 pTv-
QVjZ—/TjVj—l-O_—ZJp (11)

Equating the generalized eigenvalue Equations (10) and (11) indicates
202 (uTVj)

Pj

plvj = (12)

If uij # 0, then (12) shows that pTVj # 0 and the eigenvalue p; of the effective resistance
matrix Q equals

T

2UY
pj=20"—— (13)

P

while [1, (5.27)] deduces
Rg CTVJ‘

i=—+N—7 14
p] N MTVJ' ( )

Clearly, if the last term in (10) or (11) vanishes, then an eigenvalue equation arises. If that
last term is not too large, the generalized eigenvalue equations and the Laplacian eigenvalue
equation (7) suggest that u; ~ —p%_ plus some correction. At this point, we mention the
beautiful Interlacing Theorem 1, proved by Fiedler [5, Corollary 6.2.9] and later by Sun et
al. [12]:
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Theorem 1: In a connected graph, the eigenvalues p1, p2,. . ., pn of the effective resistance
matrix Q interlace with those of the Laplacian matrix as

2 2 2
p1>0>——>pp>—— > > — = PN-1 = —
H1 H2 HN-2 HN-1

> PN (15)

The Interlacing Theorem 1 shows that, if uy = px—1, then pg = —ﬁ. In other words,
when a graph has Laplacian eigenvalues of multiplicity larger than 1, then equality as
in pp = —-% occurs. Furthermore, if uj = —pik, then the generalized eigenvalue Equa-
tions (10) and (11) indicate that v, is both an eigenvector of the Laplacian Q and of the
effective resistance matrix Q and that u” v = pTvk = 0. If the inverse simplex-altitude vec-
tor¢ = %u, thus in a ‘resistance-regular’ graph, then [1, Theorem 35] states that pj= —ﬂ%
forall1 < j < N and the proof indicates that the eigenvector v; = zj forall 1 < j < N.The
definition (1) for a resistance-regular graph, with the all-one matrix J = w.u”, reduces to

Qyesi —o(Re;_q
resistance-regular = N2

In the sequel, we will ignore resistance-regular graphs. Furthermore, we will confine our-
selves to graphs with simple Laplacian eigenvalues, i.e. each eigenvalue u is distinct with
multiplicity 1. For such graphs, the Interlacing Theorem 1 then states that the eigenvalues
{pj}1<j<n of Qare also simple. Those graphs are connected due to a positive algebraic con-
nectivity uy—1 > 0 (else the zero eigenvalue uny = un—1 = 0 would have multiplicity 2)
as shown in [1, Theorem 20, art. 115].

In spite of the approximate nature of u; ~ —/%j in Theorem 1, we show in (45) below the

exact product

We will later improve the Interlacing Theorem 1 and derive an exact governing equation
in Corollary 4 for the eigenvalues pi, p1, . . ., pn of the effective resistance matrix Q.

3. Eigenvectors of 2 as linear combination of those of Q
3.1. Explicit expressions

Theorem 2 expresses any eigenvector of the effective resistance matrix Q in terms of the
eigenvectors of the Laplacian matrix Q and vice versa:

Theorem 2: If uy + [% # 0 forall1 < j,k < N, then the j-th eigenvector v; of the effective
resistance matrix € is written as a linear combination of eigenvectors of the Laplacian matrix
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Qforl1 <j<N,as

N-1 ug (T
u 2 S zk
vj = aj W—.Z#Zk (16)
Pito o T Hk
where
2N-1 T 2
v 1 + 2 z M (17)
a.z o T,,. 2 N Pi 2 +#k
J (u VJ) J k=1 Pj

Conversely, the k-th eigenvector zy of the Laplacian matrix Q is written, for1 < k < N, asa
linear combination of eigenvectors of the effective resistance matrix Q as

V]' (18)

whereﬂN:%Nandforlgk<N

(19)

Before giving the proof, we compute the scalar product of the resistance curvature vector
p and the normalized eigenvector zx of the Laplacian Q. From the definition (3), it follows
that

1 u Uk u
T T T T T
ka = —sz QC + Zk — = _2 Zkg + Zk -

Thus, if k = N, then uy = 0and zy = JLN result in

1
Zup = N (20)
else,for1 < k < N,
szp = ﬂsz{ (21)
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Proof: Left-multiplying (10) by sz leads to

2 2 (ulv;
szQVj = —p—jZkTV]‘ + (pj ) zZlp

With the eigenvalue equation Qz; = u;zj in (7) of the symmetric Laplacian Q,
2\ r 2 (uv) 4
,uk+—)z V= ——2z.p
( pi) *T o E
leads to the scalar product between eigenvectors of Q and Q

2

Z{Vj = > P (U V]) (p Zk)
7 + Uk

because of the restriction that uy + /%_ # 0forall1 < j, k < N.Invoking the scalar product
pTz;< in (20) and (21) then leads to

2 Mk
/’j 2 T, T
| A e sk .
\/Lﬁ (UTV]‘) fork=N

If uij = Zﬁzl (¥)m = 0 for 2 < j < N, because the Perron-Frobenius Theorem for the
non-negative matrix Q states that all components (v1),, > 0Ofor1 < m < Nina connected
graph and thus uTv, > 0, then (22) shows that szvj =0forall 1 <k < N. Since a non-
null vector as the eigenvector v; cannot be orthogonal to all Laplacian eigenvectors, we
must require that uy + % = 0 for at one pair (j, k) of integers. The Interlacing Theorem 1

indicates that u; = —/% if j = k> 1, which only happens if uj has multiplicity at least
equal to 2. Hence, the restriction uy + /%, # 0 forall 1 <j,k < N is sufficient to exclude

Laplacian eigenvalues with multiplicity larger than 1 and to prevent that uTVj = 0 for any
1<j<N.
We can now compute v; = Zszl(ZZVj)Zk = kN:_11 (ZkTVj)Zk + (ZJEVj)zN,

,Uk

2 + " (CTZk) Zk

1 pj

v = (uij) +
Pj iz

Normalization of the eigenvector, V]-TV]‘ = 1, leads, with the orthogonality of eigenvectors

sz Zm = Ok of a symmetrix matrix [1, Section 10.3], where the Kronecker delta dy,, = 1 if
k = m, otherwise i, = 0, to (17), from which (16) follows.

The reverse that expresses the Laplacian eigenvector zx = ZJIL 1(ZIZw vj)vj as a linear
combination of the eigenvectors vy, v2, . . ., vy of the effective resistance matrix Q follows
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from (22),for1 < k < N, as

N 1
= ((Tzk) 1Y 5 j_j (uij) v;
j=1 p T HE
After normalization szzk = 1, we obtain
N L 2

Z P + Mk (uTVj)

(ﬂkCTZk j=1

Ifk = N, then uy = 0and zy = \/LN Zjlil(uij)vj f’ from which fy = jﬁ in (18).
Hence, (18) and (19) are demonstrated for 1 < k < N. |

3.2. Discussion

The idea of Theorem 2 to deduce a scalar product between eigenvectors of two different
matrices does not apply to the eigenvectors of the adjacency A and Laplacian matrix Q =
A — A of a graph G. Indeed, starting from the eigenvalue equation (7) of the Laplacian
matrix Q,

tizk = Qzk = Az — Az
left-multiplying with the m-th eigenvector x! of the adjacency matrix A,
,ukxz,;zk = x,TnAzk - x,EAzk

invoking the eigenvalue equation Ax,, = A,,xy, of the adjacency matrix leads to the scalar
product

T
x. Az
xl g = —mk (23)
ﬂk‘*‘lm

In contrast to (22) for the effective resistance matrix Q, the scalar product (23) is of a
different and not-separable form, because x,TnAzk = ZJ 1 dj(xm)j(zx); is a single ‘scalar
product’ containing x,, as well as zx, whereas (22) is a product of scalar products, where
each scalar product only involves either an eigenvector v; of Q or an eigenvector zj of the
Laplacian Q.

3.3. Anorthogonal matrix

The N x N matrix V contains in its columns the set of all eigenvector vy, v,, ..., vy of the
effective resistance matrix Q,

V=[ vi v -+ VN ]
Similarly, we define the orthogonal eigenvector matrix of the Laplacian Q as

Z=[a @ - o]
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If/%_ + px #0forall1 < j,k < N, then the eigenvector (16) can be expressed [1, art.191]
as

5L (LT (z1)1 4z (T (z2)1 (z2n)1
i (a1) | (@), i (') | (22, a; (2n)2
i + (1 : > + u2 : VN
(z1)N (z22)n (z2n)N
[ (=) T
R B
/7].4'/11
%5 (122)
= 2
Z ,Tj'huz
9
L VN i
Substitution into the matrix V yields
V=2ZC
where the N x N matrix
B m%((Tm) az%(CTzl) aNﬁ—]\l]((Tzl) T
%4'/11 %4-/11 ﬁ-ﬂn
ai %f (CTZZ) az% (CTZZ) ON f,% (CTZZ)
C= %4-/12 %-ﬁ-ﬂz o i-ﬁ-ﬂz (24)
a1 %2 ON_

is also an orthogonal matrix, because both V and Z are orthogonal matrices. Hence, the
orthogonal eigenvector matrix V = ZC of the effective resistance matrix Q equals the
product of two orthogonal matrices Z and C. Since the determinant of an orthogonal
matrix is det C = 1, we find that

1 1 1
24prur 24p2p1 T 24pNia
N N-1 1 1
1 T 24p1ipa 24pop2 T 24pNp2
1= —[lo]]u(c"s
N . . . .
=1 j=1 . . . .
1 1 ... 1

Orthogonality of a matrix implies double orthogonality [1, art. 248] in its corresponding
column and row vectors, which is proved for the orthogonal matrix C in Appendix 1.
Finally, the doubly stochastic matrix Eg = V o V obeys the equation [1, art. 274],

Eop =0 (25)

where the N x 1vector p = (p1, p2,. . ., pn) contains the eigenvalues of the effective resis-
tance matrix Q. Equation (25) is an eigenvalue equation Eqwj = {wg, where the eigen-
vector p belongs to the eigenvalue & = 0, and implies that det 2g = 0 and rankZq <
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N — 1. The zero eigenvalue of Eq has multiciplicity at least 1. The corresponding doubly
stochastic matrix 24 = X o X of the adjacency matrix A and Eq = Z o Z for the Laplacian
matrix Q also possess a zero eigenvalue with multiplicity at least 1. An open problem [13,
Appendix A.3] is the determination of rankZ,, rank=q and rankEq of a same graph G
and their meaning for the graph G.

4. Governing eigenvalue equations and quadratric forms
Theorem 2 provides us with valuable corollaries:

Corollary 3: If ur+ /%] #0 for all 1 < j,k < N, then the positive eigenvalues y of the
Laplacian matrix Q satisfy the governing eigenvalue partial fractions

N T, \2
O_ZZZ(ADVJ) (26)

j=1 H Pj
or
N T \2
1 (u vj)
— = _— (27)
40 ; pj (pirt +2)
or
N 2
(")
0= or 0 (28)
> 24 for 1 #

T
Proof: After rewriting (18) with upj p V’ in (12) and left-multiplying with the trans-

pose of the resistance curvature vector p ylelds

The scalar product Z; p = sz ¢ in (21) then leads, for 1 < k < N, to (26) or, again with
p v = p—u vjin (12), to (27). After left-multiplying (18), valid for 1 < k < N, with ul
we obtaln

N L (uTv')
Di J
w'a=f 2,7
j=1 P_] + Uk
which leads with zy = \/», due to orthogonality of eigenvectors z;zx = 0 for 1 < k < N,
to (28 ). |

From the fractional expansions (26 ),(27) and (28), the Interlacing Theorem 1 can be
deduced. The reverse of Corollary 3 is
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Corollary 4: If up + /%_ #0 for all 1 < j,k < N, then any eigenvalue p of the effective

resistance matrix Q satisfies, with y = %, the partial fraction expansion

N-1 2/(.T
ol — 1 z 1 (¢ "ze) 1 (29)
4= wty Ny

T.,.
Proof: After computing the scalar product of the eigenvector v; in (16), where a; = pj%
by (13), with the resistance curvature vector p in (3), taking into account (20) and (21), we

deduce for p; # 0 that

- 2
RIS (AN

20 2 /,{k—l—pj N

k=1
that can be rewritten as (29), by letting y = % and excluding p = 0, because any eigenvalue
pj # 0 must satisfy (29). [

The partial fractions can be rephrased as a quadratic form using f (Q) = Z}il f (pj)v]va
deduced in [1, Equation (A.88)], where f(.) is a function defined for the eigenvalues. For
example, the partial fraction (28)

N 2 N T ) N T
i S G B (T
P 2+ pju P 2+ pju P 2+ pjn
transforms to the quadratric form, for u # 0,
0=ul QI+ uQ) 'u (30)

Similarly, for an eigenvalue u of the Laplacian Q, we find quadratic forms for the square
o2 of the resistance radius from (26),

o =pT (ul + ZQ_I)_lp (31)
and from (27)
Lz =ul (QQI+uQ) u (32)
40

For x4 = 0 in (31) and (32), we again find the known relations 252 = pTQp and 20% =
uTQ~lu. For an eigenvalue p of the effective resistance matrix Q and y = %, we also give
the quadratic form corresponding to (29)

2 1

_lT 2 -1
- =1 (Q (Q+ 1) )( (33)
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5. From partial fraction expansions to characteristic polynomials

The classical definition [1, art. 235] of a characteristic polynomial of an n x »n matrix B
with eigenvalues 41(B), A2(B), ..., 1,(B) is the determinant cg(4) = det(B — AI), which
can be expanded as a polynomial in 4 of degree #,

)= alr =]]u® -2 (34)
k

k=1

from which ¢, = (—1)". Provided that detB # 0, the transformation of the complex
variable A — %, where a # 0 is a complex constant, results in

( ) Za” e, ]/11 detB (—1)" cp-1 (4) (35)

In other words, the transformation 4 — ¢ of the complex variable 4, for any complex
number a # 0, in the characteristic polynomial cg(4) transforms the polynomial into a
characteristic polynomial of the matrix aB~! (provided det B # 0). The transformation
scales the set of coefficient {cx}o<k<» by a power of a resulting in the set {an_jcn_j}()gjgn.

After multiplying the partial fraction expansions in Corollary 3 by anjzl(Z + pmit)
and multiplying each term in (29) with Hﬁzl(y + um), we obtain the following scaled
characteristic polynomials for the eigenvalues of the Laplacian matrix Q and of the effective
resistance matrix €:

Lemma 5: A scaled characteristic polynomial of degree N of the Laplacian eigenvalues is

N
pq(p) = ij (PTV]) H Q+ pmp) — H Q2+ pmp) o’ (36)
j=1

m=1;m#j

while a scaled characteristic polynomial of degree N—1 is

N
Fow = (')’ H @+ pmit) (37)

j=1 m=1m#j

whose zeros, i.e. solutions of po(u) = 0, equal the Laplacian eigenvalues p11, ua, ... UN—1,
un =0, while the zeros of pq(u) are the positive Laplacian eigenvalues 1, s, . . .
Un—1 > 0.

Another rewriting of (29) is a scaled characteristic polynomial of degree Niny = =

N N- N
1
Pt (v H)"i‘ﬂm —4—2 (C Zk) H (v + ttm)
m=1 k=1 m=1;m=#k
N-
H Y+ tm) (38)
whose zeros, i.e. solutions of pa(y) = 0, are twice the inverse eigenvalues /)2 /)22 o ,DLN'
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The polynomial (36) possesses both a summation representation and a product form,

N N
po(w) =D a (Qp* =an(Q [] (= pm) (39)
k=0 m=1
and similarly for (37),
Po(u) = Zak (Q 1" =an-1(Q H (1 = ptm) (40)
m=1

where a;(Q) and ax(Q) are the k-th coefficient of the summation form, respectively. The
characteristic polynomial in (38) of degree N in the complex variable y = % equals

P )= X0 )=o) [T (- 2)

m=1 Pm

The first term in p,o-1(y) in (38) is a polynomial of degree N in the complex variable
y= % with highest order coefficient 1, while the other terms in (38) contain polynomials
of degree N—1 implying that ay(2Q™1) = 1.

We wrote scaled characteristic polynomial in Lemma 5 due to the scaling of the highest
order coefficient ¢, in (34). None of (39), (40) and (41) possesses the standard form (34) of
a characteristic polynomial, which justifies the notation ‘p’ for polynomial instead of ‘¢’ as
in (34) for characteristic polynomial.

6. Polynomials of the Laplacian matrix Q
6.1. General properties of the polynomials pq(i) and pq (i)

We will now relate the coefficients a;(Q) and a(Q) of the polynomials po(u) and po(u).
Since pg(0) = 0, (39) indicates that

a0 (Q) =0
while (37) and (40) show

N
PQ0) =a(Q =2"">" (uTvJ-)2 = N2V7! (42)

j=1

The highest order coefficient of (36) is

N
an (Q =] [ pm (43)

while for (37), we find

N N

an—1(Q) = Z (u V]) H Pm = nlq—[lpmz (u V])z — 4T qum

j=1 m=1;m#j m=1
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With uTQ~1u = 2%2 (see [1, p. 182]) or from (32) for u = 0, it holds that
N
an-1(Q) = 292 H (44)

Since ap(Q) = an—1(Q) Hz;} (—tm), as follows from the product form in (40), we find
that

N-1 ~ - -
T = (11 2@ _ (=D N2V
onli " an-1(Q) e
262 H Pm
m=1
Thus, the complexity £(G) = % an];} Um of a graph G, which is [1, Section 4.1.3] the
number of all possible spanning trees in that graph G, equals

NO'2

175
@ =y]um= (45)

N

m=1
[T 1wl
m=1

and

N-1

vt (Q) = (DN E(G)

In conclusion, the definitions (39) and (40) show that both polynomials are related by

N-1

P () = ax (Q u [ (1t = ptm) = %ﬂp W)
m=1 N—
and (43) and (44) lead to
pq (u) = =20"upq (1) (46)

Consequently, after introducing the series in (39) and (40) into (46) and after equating
corresponding powers in u, we find, for 1 < k < N, that the coeflicients of the polynomials
of the polynomials pq(u) and pg(u) satisfy

a (Q) = —20* a1 (Q) (47)

6.2. Computation of the coefficients ay(Q) of the polynomial pqo(1)

We rely on our characteristic coefficients, first defined in [14] and more elaborated in [15,
Appendix A]. The Taylor series of a function G(z) of a function f (z), thus G(f(2)), can be
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formally expanded around the point zj as

00 m dk
@ =6 en+> (> 2 LD kom0 | c-2” @)

k
m=1 \ k=1 kodf f=f(20)

in always re-appearing quantities s[k, m] f(2) (zp), that I have called, therefore, the charac-
teristic coefficient of a complex function. A complex function with Taylor series f(z) =
> o fez" around zg = 0 possesses a combinatorial form of the characteristic coefficient

k
sglk,m] = z Hf, (49)

S ji=mi>0 =1

as well as a derivative form

k) = — 5@ - f

—— (50)

zZ=20

The characteristic coefficient sy [k, m] also satisfies a recursion [14] that allows us to com-
pute all characteristic coeflicients exactly. Sections 6.2 and 7.2 illustrate the power of
characteristic coeflicients.

Theorem 6: The coefficients @,,(Q) of the polynomial form po(u) = 3 N8 Gn(Q)u™
in (40) are, for0 < m < N — 1,

i j
@ (Q) = IN- 1( n" ( Tom, )+2N 12( (uTQm—ju)Z%sg[k,]’] (51)

2m 2m=j
k=1

Beside ag(Q) = 0 and a1(Q) = —2N_2(pTQZp), the coefficient a,,(Q) of the polynomial
polp) = Zi\qj:o am(Q)u™ in (39) for2 < m < N as

jt+1

_ NED™ o omt N () Qi 1 ,
an (Q) =2V (pT 2" p) 42 Z i (") 3 gy sllos 1)
(52)
where the function g(u) = Zzzl log(1 + 2 ) has Taylor coefficients go = 0 and g, =

n—1
(ol nlzn Zm L Ph for n> 0.
Proof: We write (37) as
()t
~ ]
pou)= || @+ pmu)
n11_[1 "’ Z @+ pin)

(uTVj)2

and expand both szl 2+ pmp)and ZJIL (erwom)

in a Taylor series around y = 0. First,

N
[T+ pmw) = ZNH (1 + p’” ) — N X log (1425 1)

m=1
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Taylor expansion of log(1 +x) = >>7 | (_—lnnle" for |x| < 1 shows, for 4 < p—zl, that
N oo —
D" pm\
g(u) = ZIOg(1+ —ﬂ) > ” (Tm) 1"
m=1n=1
_ i((_l)n 1 )
— n2"

with Taylor coefficient g, = %d’;‘i(ff )|#=o equal to go=0 and, for n>0, g, =

eyt Zﬁ:l prh. Invoking our characteristic coefficients s[k, m] in [16] and the Taylor

n2n
series, that follows from (48),

o m 1
eg(ﬂ)_1+Z|:zk_ :|lum
we arrive at the Taylor series
— 9N N
H<2+pmﬂ> : (1+Z [ka—Sg[k,nﬂ} ﬂ’") P> [Zk— } i
where sg[k, 0] = dro = 1{x=0) and s¢[0, m] = dom = 1{m=0y and the indicator 1, = 1if the

condition x is true, else 1, = 0.
Second, the expansion, valid for |u| < 2,

P1
I G N BN VAV S WS R
Z(2+p-y)zizl+ﬁ :EZ(U Vj) Z(_Eﬂ)
j=1 j =1 2 M j=1 m=0

leads to the Taylor series around z9 = 0,

N 2 00 N 00

(u"v) (=" 2 (™
Z (2 + ﬂj/l) = Z om+1 Zp]m (uTVj) 'um = om+1 (MTQmu) 'um
i m=0 j=1

]:1 m=0

The corresponding Taylor series for the polynomial po(u) is

N .
z&_a —Z (2ml+)1 (TQme)ﬂm

= 2+pn)

The Taylor series of the polynomial pg(x) is found after computing the Cauchy product,

- (3 [z% } )z;; o
m=0 0

m=0
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Similarly, the Cauchy product leads to

po(u) = _oN-2 (pTsz) w42 Z ( szzin (pTQm-l-lp)

m—j—1 ) j+1
+Z( o (P19 9p) 3 stk + 11

k=1

Finally, after equating corresponding powers in x in the above and the polynomial form
ZN 1~,,,(Q)y in (40), we arrive, for 0 < m < N — 1, at

O ke
j=

which we rewrite, by splitting-off the j = 0 term and using s¢ [k, 0] = dxo and s,[0, m] =
Jom» as (51). Similarly, beside ag(Q) = 0 and a;(Q) = —oN=2 (pTﬂzp), we find the coeffi-
cient a,,(Q) of the polynomial pq(x) in (39) for 2 < m < N as (52). [ |

Invoking a,,(Q) = —20%a,,—1(Q) in (47) yields, from (51) and (52), that
pTQ"p = 46t uT Q" 2y (53)

If m> N—1, then a,,(Q) = 0 and the right-hand side of (51) vanishes and expresses
uTQ™y in terms of uTQYu with 0 <j <N —1 (and similarly for m> N in (52) as a
consequence of the Caley-Hamilton theorem [1, art. 228]),

" o A
TQmy = Z(—l)]_1 2 (uTQm_Ju) Z —sglk,jl form > N —1
j=1

k=1 RS

We compute the polynomial coefficient a,,(Q) for a few values of m. First, if m = 0, then
@ (Q = N2V
If m = 1, then (51) becomes
@ (Q =2V"1Z = ( TQu) 4 oN-1 (uTu) sgl1,1] = —2V"1Rg + 2N- INT Z Om
m=1
and, since > _, p, = 0, we find
@ (Q=-2""Rg

We can further compute? the polynomial coefficient ,,(Q) in (51) for any desired value
of the integer m < N symbolically by the recursion of the characteristic coefficients. As an

4 We add that, based on the coefficients @y, (Q), the algebraic connectivity uy—1 can be expressed as a Lagrange series
(which is explicitly listed in [1, (B.68) on p. 459] up to order 5).
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example, we list

N
B = =N
m=1

N 2N—4 N
~ N—4, T3 N—4 2 3
a3 (Q) = -2 u Qu+2"""Rg mg_l P+ 3 NmE_lpm

N N 2
a4 (Q) = —2N=5,TQ4y + N=6,T 32y, z p,z71 + 2N_8N(z pfn)

m=1 m=1
2N—4 N N
3 N-7 4
—3RG§pm—2 N o
m=1 m=1

7. Characteristic polynomial of the effective resistance matrix
The transformation (35) indicates that y~ CQ(%) =detQ (—1)N¢yo-1(y) and the defi-
nition (34) gives c,q-1(y) = ngl(pim — ) = (=D)Npyo-1(y), so that

ca(p) = (g)Ndetme—l (%)

Hence, the characteristic polynomial of the effective resistance matrix Q

N

N
ca(p) =det@—ph) =D @ p"=[](r—»r)
k=0

j=1
has the coefficients
an—i (207
2k
for 0 < k < N with ¢g(Q) = det Q = Hj\il pj. Since cy—1(Q) = (=1N-1 Z]Iil pj = 0,it
holds that a; 2Q~!) = 0.
Section 7.1 deduces properties of the coefficients ax(2Q!) that follow from the

definition (41) and known theory, while Section 7.2 shows that all coefficients a2Q™1)
can be exactly computed based on properties of characteristic coefficients.

ck (Q) = o () (54)

7.1. Basic properties of the polynomial p,o-1(y)
The coefficient ay—; (2Q71) of yN~! follows from (38) in Corollary 4 as

1 N-1 2 1
§ 2 T
] 402 P k (év k) No?

(Lo L

M=

aN—1 (ZQ_I) =

m

I
M =

Il
_

m
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Relation (4) and ZZZI Um = 2L (see e.g. [1, art. 105]) show that

T
an—1 (2Q7") =2L - %

The Newton identities [1, art. 294] indicate that the coefficient ay_;(2Q7!) =
-2 z%:l /ﬁ in (41). Combining both expression for ay—; Q™1 gives

N T
1
2. =" (L - pz—lz)) (55)
=1 Pm o

Using (A6) in Appendix 2 leads to

pr 1 N 1
T §

2 ] 7 .

20 2 =1 i1 p]

Comparison with (55) indicates that the number of links in the graph G equals
|
L= > Z V]-TQV]' (57)
j=1

Formula (57) is an instance of the general property of the trace of an n x n matrix M and
an n X n orthogonal matrix X,

n n
ijTij = trace (XTMX) = trace (M) = Z mi; (58)
j=1 i=1

which follows from the cyclic permutation property of the trace-operator [1, eq, (4,15)],

trace (X TMX) = trace (MXXT) = trace (M)

because the orthogonal matrix X satisfies XXT = I. Alternatively, (58) is a direct conse-
quence of the second orthogonality relation z]”: 1(%))k(x)1 = 6 in [1, Equation (A.126)].
Since L = % ZJI\L 1 dj, where dj is the degree of node j in the graph G, it might be suggestive
to propose that d; = vaQv]-, which is unfortunately not true. However, if [x] denotes the
smallest integer equal to or larger than x, we found numerically for N < 15 that [v/ Qv;] =
0, while WjT Quj] for 2 < j < N is close to a degree in the graph G within an error of £2.

pim) = _HNZ—NI' Recalling that un = 0, the char-

Furthermore, pyg-1(0) = | Iﬁ:l(_ >
m=11Pm
acteristic polynomial in (38) shows that

| N-l
Pao-1(0) = —Wl—_[l#m

Equating both expressions for p,q-1(0) again leads to the complexity &(G) formula in (45).

. . _ d*p, -
The computation of the coefficient a;(2Q~!) = %Pzd#l(y)

equating the two different ways, in the definition (5) of ¢ 2.

ly=o for k =1 results, after
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7.2. Computation of the coefficients a;(22~") of the polynomial Pao-1(y)

Theorem 7: The coefficient a,,(2Q~") of the polynomial pyo-1(y) = Zszo ar(2Q 1)k
in (41) is, for integer 0 < m < N,

n (2Q7Y) = NE (G) | Fa +ZF _]Zk' snlk,j] (59)

j=1 k=1
where £(G) = % fn];i Um is the complexity in (45), the Taylor coefficients are
1 1 Rg L (-1~ _ R
Fo=-—3; Fi=21% Fzzm(gg_m) (60)
and for n> 2,

Fo= OO () (61)

and where sylk, ] is the characteristic coefficient (49) of the function h(y) = log HN _!

) which has Taylor coefficients h, = —ILI —for n> 0 around yy = 0.

m= 1

Proof: We mimic the method of Section 6.2 to compute only the coefficients a,, 2Q~!) =
1 dmng—l )

i — dyi— ly=o for any integer 0 < m < N and write (38) as

N-1 1 N ,u CZk 1
P () = Hy+/‘m(_4_z : _NO'Z)
m=1

o Mty

Recalling that the algebraic connectivity 1N—1 > 0 for connected graphs, we expand the
product Hﬁ;} b+ um) = Hm 1 ,uml_[%;} 1+ ﬂL), using our characteristic coefficients

with
N-1 o0 —1 N-1
y (=" 1Y,
=1 14+ 2 ) = —
Al )-S5 )
m=1 n=1 m=1

into a Taylor series around y = 0 in terms of the complexity {(G) = H 1 Hm

(v + tm) Nf(G)(HZ[ %Sh[km]:| )
m=1

k=1

N-1

m=1
The Taylor series of the partial fraction expansion is

N-1

1 Sy ()’ 1
F)=y———= -
( ) 40.2 ; (1 n L) N0'2

T 2
:_Nl Z( D"y Z((sz)
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and

1 1R 1 2
FO) =~z ¥ paae gz (70 (=)) 7

1 non T T () 2
+ g L (c (@) c)c

where (5) and the spectral decomposition [1, Equation (4.30)] of the pseudoinverse of the

Laplacian Q' = i\[ 11 lzkzk has been used. The Taylor coefficients of the Taylor series

F(y) = >, Fuy" are given by (60) and (61). Executing the Cauchy product results in

Paa-1 (v Né(G)Z[Zkl km}y Zw
k=

splk,jl | Y™

>II>~

0o m j
=NE©@ DD | Fni 2

m=0 j=0 k=0

Equating corresponding powers in y in the above and (41) finally yields, for 0 < m < N,
the general expression of the coefficients in (59). [ |

Again, as an example, we list the first few coeflicients in (59)

2@ (2071
G
a (2Q7") =0
22007 _1(Re ) LS L
R VR AP
a; (207") Ry (e Qe 11
fo v R TN T 2
— 2 N-1
a4 2Q7Y)  RETe cTQic Q)¢ 1 fRE g 1
£(G) 8N Re——+N— s\ TN —
N—1 2 N-1
1 1 1 1

With cy_1(Q) = (=1)N! Z%:l pm = 0, the Newton identities [1, art. 294] state that

SN ph = 24 &(2()2) and that >N _ | p3 = —3C2’Nfg)2) Using (54), the above list of
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coefficients {a,(2Q7!)}o<n<4 leads to

N , Ré r N-—1 1
m=1pm22(ﬁ+N§’ 5)+4’;E (62)
and
N R3 N—
> ri =258 +6(RocTc = NCTQ') - Z—?n (63)

8. Eigenvalues

Based on the explicit partial fraction expansions previously derived, Section 8.1 and
Section 8.2 present new bounds for the eigenvalues of the effective resistance matrix Q
and of the Laplacian Q, respectively. Several different techniques for the zeros (i.e. eigen-
values) are applied: (i) a recursion (66) for eigenvalues, (ii) Taylor and Lagrange series in
Section 8.1 and (iii) bounding in Lemma 10 and Section 8.2.

8.1. The eigenvalues of the effective resistance matrix

It is instructive to rewrite eigenvalue equation (29) as the function

N-1
1 CTZk

s
-2
N m1 Mkt

fp)=20"-=— (64)

| =
S

which equals for real p, with the quadratic form (33),
ror=202-L L+ 21))e
N 2 p

N—-1 2 T 2
Go) 1 N

Since

dp N & (pux+2)?

the function f(p) is monotonously decreasing for all real p. The function f(p) possesses
poles at p = —-2 and travels from oo to —oo between two poles (at which f(p) has an
asymptote, i.e. vertical line), illustrating that between those poles, there is a zero of the
function f(p), in agreement with the Interlacing Theorem 1 and implying that there are
N—1 real, negative zeros (i.e. eigenvalues of Q) of the function f(p).

8.1.1. Recursion for the eigenvalues pj
Any eigenvalue p; of the effective resistance matrix € is a zero of f(p). Solving f(p) = 0
for p in (64) or rewriting of the partial fractional expansion (29) in terms of p = % results
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in
2062
p= (65)
N—1 #2(cTz)’?
2 k=1 " prp+2 + N
or

_ 202
=T T(Q (pQ+2D7Y) ¢ + 2

Formula (65) can be recast into a recursion in r,, for m > 0, where r is an initial start value
and limy,— o0 1y = p,

202
1 5N 1 (C Zk) 1
4 k=1 1+4 '“k B N
which shows that if ry > 0, all subsequent iterates ry, 3, ... are positive. A study on the

convergence of the recursion (66) is omitted.
For p > 0 and for a inverse simplex-altitude vector ¢ # au not proportional to the all-

one vector u, the quadratic form (T(Q2 (pQ+2D7YHr = ZN ! % > 0 in (65) is

positive and decreases monotonically in p towards zero at p — oco. With (4) and p >
0, (65) leads to the bounds

1> 5 (@ gl 2L
lel; > 3¢" (@ GQ+2D e+ g == > &

Hence, we conclude that the largest eigenvalue satisfies the lower bound

2

p1 <20 N (68)

and the upper bound

The lower bound (67) also follows from the Rayleigh inequality [1, art. 251], stating that

T
WWT%VW < p) for any vector w and that equality only is achieved if w = v;, the eigenvector

of Q belonging to eigenvalue p;. If w = p and recalling, as mentioned in the Introduc-

tion (Section 1), that pTQp = 252, then the Rayleigh inequality indicates that p; > 127%;

Finally, Lemma 13 shows that, generally®, p # v;. Hence, the strict inequality in (67) is
demonstrated for non-resistance-regular graphs, where ¢ # R g U

5 Only in resistance-regular graphs, where © = %6y, thenp = =§=

&
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8.1.2. Smallest (in absolute value) eigenvalue p>
Lemma 8: For |p| < =, The Taylor series of the function (64) around py = 0, convergent

for|p| < == is

f(p) =207 —HPH2P+Z( 1)152(,{1 Ly (69)
The Taylor series around py = 0,
“ 1 ('Q¢
£ (14 95) =204 0 (1o = Iol2) + 5 (S0 = w12 2
0 Tm+1,- _ T Hm
+ > D" (( il Tt C)p'” (70)
m=3

converges for |p| < % provided that p11 > p.

Proof: We rewrite (64) as

f(p)=20"—

Zl’e
»-lklb
= >\-m

2

Invoking the geometric series = Zfoo(—l)j(”—k)jpj valid for |p| < ﬁ, results in

;
1+p Lk

the Taylor series of f(p) around p = 0 and converging for |p| < Z

f(p)=20"~

Mb

L _
N

>
j=0

k=1

With the spectral decomposition sz 11 My i (¢ Tz)? = ¢TQ*Y¢, the Taylor series sim-
plifies to

p 0 TQ]+2
f(p):Zaz—N_;( 1)1 Sz p]+1
1 Q¥ ;T

Invoking [|p[|3 = }I(TQZQ“ + % in (4) leads to (69). The Taylor series (70) is similarly
derived as that of (69). |

In order to compute the zero |p;| > i with Lagrange series, we must enlarge the con-

vergence radius of the Taylor series (69) The Taylor series (70) converges for |p| < = M
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provided that u; > u», and still has the same zero p,. The Lagrange series p;(K) (explic-
itly given in [14, Equation (77) in Appendix A]) with K terms converges to the zero
p2 = limg_, oo p2(K). For example with K = 1,

202 2 2

= — <
P T THT

2

p2 (1) ==

reduces to the first Newton-Raphson estimate, starting at p = 0. We list a few further terms
with K =2and K = 3,

P SR Gl aetal
e Tl RS
mot =l (a2 = [p]3)

a2 (T L)
e 1 PR
mot =l (a2 = [p])

2
o (T =Tt 400 (37— lol)
- 4 5
2 (o2 = [l (1102 = |p]3)

Adding more terms becomes unwieldy as in most Lagrange series. The power of charac-
teristic coefficients, that led to the Lagrange series, lies in the fact that we can compute
symbolically any Taylor series (48) up to any desired number of terms. Numerical com-
putations (with Mathematica) indicate that the Lagrange series converges reasonably well.
For a few instances of an Erdos-Renyi graph Gy 7(10) with N = 10 nodes and link density
p = 0.7, we found® about 3 digits correct after K = 2 terms, 4 digits correct after K = 10
terms, 5 digits after K = 30 terms, 6 digits after K = 47 terms.

A motivation to compute p; lies in the condition number x(Q) = || Q7 ||||Q] >
1Q71Q| = 1. If we choose the Euclidean or ||.]|> norm, then x(Q) = |Z—;|. The condition

number x () measures the sensitivity of Q! in numerical computations. A high condi-
tion number x (Q) points to numerical instability, which plays a crucial role in the inverse
shortest path problem [3, Appendix] if x; = O(N) and, hence, p; = O(I%]) for a large size
N of the graph.

8.1.3. Largest eigenvalue p,
Lemma 9 is the vehicle to deduce a set of increasingly accurate upper and lower bounds of
the largest eigenvalue p;:

Lemma 9: For |ﬁ| < |p|, the function (64) can be expanded as
m—1

B p 2RG T RG 2 1 [ee] (_l)m—l zm—lCT (QT) C
f(p)——ﬁ+ﬁ+(c c—(ﬁ))ﬁz pr (71)

m=2

6 We relied on numerical computations of all involved quantities 41, ¢, pand ¢7Q™¢ and ignored the effect of their accuracy
on the convergence of the Lagrange series. Most likely with exact values, the convergence may be faster.
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Proof: For large |p|, the Taylor expansion of the function f(p) in (64) is, usmg =

+p
/}k o (— —)m i Vahdforl—l <lforanyl <k <N -1,

N—-1 00 m
p 1 o\ 2\" 1
=20t =% =23 (5) 2 (1) o
N 2 k=1 m=0 Mk P

N-1 N-1

1 2 21
=202—%—5 uk(CTZk) + (CTZk) -
k=1 k=1 p

Using the spectral decompositions,
S (M) =T 2
(T == S == (%)

k 1 (imz_k) = (Q )m_ >0form>1
k

we find, for large p > ﬁ, that

R
f(p)=—1%+2(az—icTQ¢)+(( = (I\f) );

e 1 S
+2 e

m=2

Invoking the definition (5) of 6% = 1137‘23 + }1[ TQ¢ leads to the Taylor series of f(p), valid

for |p| > to (71). [ |

_2
UN-1"

Since f(p1) = 0and p; > % the first order in (71), ignoring the O(%) contribution,
isf(p) =~ % (=p + 2RG) and leads to the estimate p; ~ & %> Which is rather weak, because
the bound p; > 2R¢ holds [1, (5.33)].

After ignoring the O(/%) terms in (71), which are negative for sufficiently large p, the

expansion (71) becomes

p 2Rg T Rg
f(P)E—N‘FF‘i‘(C C_N(N) );

Finding the zero, i.e. f(p1) = 0, translates to a quadratic equation in p,

» 2R (v (Re\')_
p N P (NCC (N))—O
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with roots py = RWG + /N¢T¢. The smaller root p_ = RWG — /N T violates the condi-
tion p > ﬁ, but the largest root

R
p1 < WG +VNCTC (72)

seems an accurate upper bound, sharper than (68).
We can continue in sharpening the estimate for the largest eigenvalue p;. After ignoring
the positive O(/%) terms (for sufficiently large p), we have a lower bound

p e fr. L (Re)NL 27Q'¢
fp) < N+N2+(ca N(N))p P

whose right-hand side translates to a cubic polynomial in p,

3_2R6 5 (N _(R_G)2 Tyt _
p N P N ¢ N p+2N Q=0

Cardano’s solution, that is involved and here omitted, can be symbolically computed.
Increasing one order and ignoring O(-)-terms,
p

2
P 2Re o1 (Re)\1_ 270 4T(Q)¢
fp)> N+N2+(CC N(N))p 2t

is again an upper bound, that results in a quartic polynomial in p,

i_2R6 5 (or._(R)') - Tt o — aneT (0F) - —
- p (Ncc (N))p +(2v"Qlc) p—aNgT (@) ¢ =0

which is the last polynomial whose exact zeros are still generally possible to express in
closed form (e.g. by Mathematica). In summary, it is possible to find a tighter upper bound
than (72), although its closed form is unattractively involved.

8.1.4. Smallest eigenvalue py

We aim to bound the smallest eigenvalue py < 0, which is second largest, i.e. |pn| < p1,in
absolute value eigenvalue of Q, because ZJAL 5 1pjl = prand [pj| > Oforeach1 <j<N.

Lemma 10: The smallest eigenvalue py of the effective resistance matrix Q is upper bounded

by
e N CEE R
Un-1 N N un-1 -
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Proof: The definition (64) of the function f(p) shows that

ol

N=2 2 2 2 T 2
f(=lpl) =207 5 Z ui (=) _l:“N—1(C ZN-1) 78)

2 2
1 Mk 0 2 HMN-1 = 151

1
2

a~
Il

and f (—|p|) is strictly increasing in | p|. If | p| > ﬁ, which is equivalentto ux > un—1 >
I%I for 1 < k < N — 1, then the sum in (74) is bounded by

2

Hence,
N-=2 2/.T_\2
1 (&7 2k 2
- k(—z) < =T + una (CTZN—l)
k=1 Mk 10

Introducing this inequality into (74) gives

2

1 1 21y (e
—_ _CTQ( _|_ —UN-1 (CTZN—l) — _LZ)
2 2 2 uN-1

f=lpl) <2074+ 21

After simplification as in Lemma 9, we find, for |p| > ﬁ, the bound

2
Ipl  2Rg  wun—1 (TN
Fl=1Iph < —+—2—¥ (75)
N lpl uN—1—2
The Interlacing Theorem 1 states that —py > N— indicating that inequality (75) is valid
for |pn|. Moreover, py satisfies f(—|pn|) = 0 and the inequality (75) becomes, with x =

|PN|>

2
0<> + 2RG  pN-1 (CTZN—l)
N ' N2 XUN—1 — 2

After multiplying both sides with xun_1 — 2 > 0, we find the quadratic inequality

0 42 (RG 1 ) ( 4Rg N (C )2)
< _x X — ZN-1
N un-1 Nun-1
which we factor as 0 < (x — x_)(x — x4 ) with x_ and x4 are the negative and positive

root, respectively. The positive root x4 lower bounds |pn| > x4, which is equivalent to
the upper bound (73). |
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We rewrite the upper bound (73) as

2
1 R 1 R N TZN_l
() (e [ N
un-1 N UnN-1 N (R_G 41 )
N

UN-1

Due to orthogonality z},_,zy = 0, the eigenvector zy_; must contain at least one negative
N(¢Tzy-1)?
(RG xtNl 1)2
and the Taylor expansion (1 + 2)* = > ;2 ( )z valid for any complex a and |z| < 1,

indicates that”

component and (¢Tzy_1)? < (¢Tzn)? = N(( Ty)? = N(RG)2 Hence, <1,

o0

N(¢Tzn-1)’ -y el (=D [ N (Tayoi)’
2 2k () — 2 2
(RWG #Nl_l) — 2% (2k — 1) (K)) (RG+_)

HN—1
_1 _'_1 N(CTZN—l)Z 1 N(CTZN—1)2

2 2
2(RG—i_ﬂNl) ’ (RG+/1N1)

Moreover, the Taylor series S is alternating from k > 0 on with decreasing terms, for which
it holds

S= |1+

2

N( o) 1 N

1
5 G 1 \* 8 R )2
(W ﬂN—) (W_I_,UNI)

Thus, we find that

2 4

2 lN(CTZN—l) 1 N (¢"zn-1)
N-1 2(Rg _1 8 (R >
N (N+/‘N—1) (G+ﬂN1)

which improves the Interlacing Theorem 1. Numerical evaluations shows that the upper
bound (73) is sharp.
Since p; = — ZJ]\L » pj» the upper bound (68) implies that all eigenvalues of Q lie in the

PN < —

interval [—26 2N, 26:2N]. A more precise determination of the interval [py, p1] is obtained

7 Indeed,
() L TGED e ST =)
k KIG+1-k Tkl
_ (o1 1T (3) 47Tk — 1) _ (e (2k — 2)!
k!l 2% (k—1)! 22—t (k —1)!
ki k=2 1 (2h)!
= M ey = GV
22—kt (k — 1)! 22k (2k — 1) (k1)

where in the first line the reﬂecnon formula F(z)F(1 —2)= for the Gamma function and in the second the

sm:rz

duplication formula I"(2z) = (see e.g. [15]) have been used.

f
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with the upper bound (72) for p; and the accurate (68), although (68) is an upper bound,
while a lower bound would have been ‘safer’.

Finally, by Taylor expansion of (29) in w = y + ujaround w = 0, a tedious computation
(neglecting® O(w) terms) shows that

-1

2
pj < P 4 (c'5)

2
Hj 2 1 N—1  #3("z)
4 (a + N_,u]) - Zk=1;k¢j Hk—Hj

which improves upon the estimate of Interlacing Theorem 1.

8.2. The eigenvalues of the Laplacian matrix Q

2
Similarly as the function f(p) in (64) in Section 8.1, we define from o2 ZJ : Z+w)
in (26) the monotonously increasing function in y,
(PT"J
h(p) =o? Z (76)

Jl'u

T,,\2
that satisfies h'(u) = Z}I\i . (E‘f +V£)2 > 0. Similarly as the transformation of the partial
7i

fraction (28) into the quadratic form (30), we find

h(p)=0c>—p" (uI+2Q7") 'p (77)

which illustrates that the rational function h(u) has N poles at the eigenvalues of —2Q 1,
while the N zeros of h(u) are the Laplacian eigenvalues. For example, if 4 = 0, then (77)
simplifies to

1
h(0) =o%— EpTQp

Since 262 = pTQp, we find h(0) = 0 and, indeed, 4 = 0 is an eigenvalue of the Laplacian
Q. Thus, we can reform (77) as

ho =tpra (Ba+1) " p

Without poles on the positive real axis, the function h(u) increases continuously from 0

to o2. However, at 4 = —plk for an integer k satisfying 2 < k < N, the function #(u) hasa

simple® pole at which h(u) switches from +oofor y = —2 —gto—ooforu = —= + ¢

for arbitrary small ¢ > 0. The increasing nature of h(u) indicates that h(u) can only

have one zero in the interval (_,D_k —m) For example, the function h(u) increases

8 If we neglect O(w?), then also an analytic result as roots of a quadratic polynomial can be found, which is, however,
unwieldy and omitted.
9 Recall that we assume simple eigenvalues.
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from h(u) =0 at ¢ = 0 until () > 0 for u < —p%. At u = —p%, the function h(u)
switches from +oo for y = —p% —¢to—ooforu = —p% + ¢and ¢ > Oisarbitrary small.
Hence, h(u) can only have a zero for u > —p%, implying that the algebraic connectivity
UN—1 > —p%, which is in agreement with the Interlacing Theorem 1. Although there is a
poleat u = — p% < 0, the function h(u) has only non-negative zeros (in agreement to the

Laplacian eigenvalues): h(u) increases from u = —oo0 at o? towards 400 at the pole u =
—l — ¢, switchesto —ocaty = —= + &, from which h(u) increases towards its first zero
at h(O) =0.

8.2.1. Estimate of a Laplacian eigenvalue
Theorem 11 sharpens the Interlacing Theorem 1 if all eigenvalues are distinct, i.e. simple.

Theorem 11: A simple Laplacian eigenvalue uy, but not the largest 1 nor the smallest uy =
0, is upper bounded by

2
pk < ——
Pk
2
(5k O ) )_ (5 L bmn) —Zkaf) 4 )
(=) (=) (=)
+
2
(78)
and lower bounded by
2
fk > ——
Pk
2
(5k n (PTVk)2+(P2TVk+l)2)_ (5k n (PTVk+1)Z—2(pTVk)2) " 4(pTZVk)2(p2TVk+1)2
EEoN ) ) A
+
2
(79)
2 42 e"v* | @Tvig)?
where O = oo + >0 and r(u) = h(u) + ”+/>2k + +/1k2+1 with the function
h(p) defined in (76).

Proof: We write

TV 2 v
b =G - 2 1)
RN R
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where

k— 2 T

Vi) _H Iz -1
re (n) = o? Z 2 (P J pTQ2 (—Q + I) p
= /7 it 2
= j=k+2
2 2
ﬂ? ﬂ+m;

is regular at any point x in the interval [_ﬁ’ —m] if we exclude u; because p; > 0.

(P ])
”J
is a strictly increasing function in g, so that 0 < rk(_ﬁ%k) <re(p) < rk(—/%“). The zero

Since each term in the defining sum (76) of h(x) is strictly increasing, also r(u)

u* (_p_k —m) satisfies
2 2
o _ (p") (PTVkH)
A e =0
© At P ‘u * o Pk+1
T
where — 2 . vk)z < O0and rg(u*) — L;) > 0 and which is equivalent to
ok o
2 2 2 2
e (1) (ﬂ* + —) (ﬂ* + —) — (p"w) (ﬂ* + —)
Pk Pk+1 Pk+1
— (/1 + —) (PTVk+1) =0 (80)
Pk

— * 4 2
Lety = pu* + pk,then

2 2 2 2 2 2 2
Pk Pk+1 Pk Pk+1 Pk

After simplification, we find the quadratic equation in y,

=207+ - 2) G2y -]
0 (2-2)

Since rk(y - i) does not contain a zero for y € [0, _M + o ] we arrive, with J; =
—m + ﬁ > 0 at the quadratic equation in y
, (") + (p"vi)’ T\ %
Jr 5 +@m) =0 (81)
n (=) n(r= %)
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with roots

2
(5k + _(PTVk)2+(PTVk+1)2) + ((5k + (PTVk)2+(PTVk+1)2) _ 4T %
2

wb-7) wb=7) wb=7)

2

Since rr(y — ﬁ) > 01in [0, —/%H + plk], the discriminant

)+ (0Tr)’\ T 40"
n(r-7) n(r-7)

(PTVk+1)2 - (PTVk)2 ’ n 4 (PTVk)2 (}7T1’k+1)2
n(r=7) i(r-7)

is positive and the quadratic equation has two positive zeros,

2
(PTVk)z"'(PTVkH)Z (PTVk+1)2—(pTvk)2 4(pTvk)2(pTvk+1)2
0 +——F—F )= ok + : + : -
( ' ’k(y_ﬁ) ) ( ¢ ’k( _E) ) 7k(y_ﬁ)

A = 5k—f—

or + >0

2

It remains to determine the zero lying in the interval [0, Jx = _PkL-H + p%(]. It holds that

T, )2 T 2 T 2_ (5T, )2
S + @ v +(P2Vk+1) > O, but 5 + ® v 2(P Vk)
fk()’—ﬁ) ’k(}’—a)
there are two zeros in the interval, which is not possible. We are certain that the minus sign

always lies in [0, d]. Hence, we translate back with y = u* + ﬁ to

(34 st - \/ (oc+ @Tvk+1)2—(pTVk>2)2 L 0 )’

) (1) r,%(,u*)

can be smaller than J, in which case

*

Pk 2

which is a kind of self-consistent equation in #*. We now invoke the bounds r(—p%() <

r(u) < r(—/%“) and arrive at (78 ) and (79). [

Numerical results indicate that the upper (78) and lower bound (79) are quite tight and
improve the bounds of the Interlacing Theorem 1.

Example: Figure 1 exemplifies the function h(x) in (76), where the zeros of h(x) =0
correspond to eigenvalues of the Laplacian matrix, which are

1 = {9.60807, 8.72603, 8.3247,7.53112,6.87167, 5.83041, 5.1015, 4.34396, 3.66254, 0}

The vector —2/p, without —p% = —0.664381 and —p% = 9.38741,

—2/p = {8.70826,8.12108, 7.50029, 6.70122, 5.7162, 5.09825, 4.33186, 3.6209}
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X
Figure 1. The function h(x) in (76) versus x for an instance of an Erdos-Renyi random graph G, (N) with

link density p on N = 10 nodes, specified by the shown adjacency matrix in the rectangle with zero-one
entries. The vertical asymptotes are shown in blue; only the largest vertical asymptote is drawn in green.

corresponds to the vertical asymptotes in blue in Figure 1. The lower bounds, computed
by (79)

{8.72203,8.3001,7.52689, 6.84159, 5.82106, 5.10121, 4.34182, 3.65939}
and the upper bounds (78),

{8.72631, 8.33856, 7.53147, 6.87952,5.83147, 5.1015, 4.34399, 3.66272}

are closer to the eigenvalues u than the vertical asymptotes at —2/p.
A slightly easier, but less accurate estimate of a Laplacian eigenvalue 4 * than Theorem 11

is obtained for small y, by ignoring y* in the quadratic equation (81), leading to the
inequality,

2 <0

(PTVk)2 + (pTVkJrl)2 7 \? Ok __
S + 0-2) v+ (p"ve) —rk(—ﬁ) y

from which

(p"w)*
1=
or + (PTVk)2+(PZVk+1)2
nl=7)

Y

y <
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9. Conclusion

Given the eigenvalues and eigenvectors of either the effective resistance matrix Q or the
Laplacian matrix Q of a graph G allows the computation of the eigenvectors of the other
matrix. Hence, there is a nice one-to-one relation, which is, unfortunately, not existent for
the adjacency matrix and the Laplacian matrix. Several new formulae, e.g. in Theorem 2,
Corollary 4 and 3 and several bounds on eigenvalues in Section 8, are derived from the
one-to-one correspondence between Q and Q. Theorems 6 and 7 provide the coefficients
ar(Q) and a,,(L2) of the characteristic polynomials pg(x) and pa(p). Finally, we improve
the Interlacing Theorem 1 by bounds in Theorem 11.

We have confined the analysis to connected graphs that obey the restriction uy + /%_ #0

forall 1 < j,k < N. An extension of the Theorems to graphs that violate that restriction
stands on the agenda for future work. The functions f(p) in (64) and h(x) in (76), that
encode the entire set of eigenvalues, enable that still sharper bounds than those presented
here can be found.
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Appendices

Appendix 1. double orthogonality of the row and column vectors of the
orthogonal matrix C in (eqn24)

Orthogonality of a matrix implies double orthogonality [1, art. 248] in its corresponding column
vectors, which applied to the matrix C in (24) implies that

N-1 (~T5))?
o — g (1 (c"7)) n b _s
kVm kOm ]_Zl (2+,0k,u]) (2+,0mﬂj) N km

and for the row vectors

233 (CTZk) Hm (CTZm) i

2
]
j=1 2+ pipk) 2+ pj,um)

= Ogmform # N

zZ
all C k Z = 0fork # N
]:12+P]ﬂk

In the sequel, we prove both orthogonality relations. First, for the columns of the orthogonal matrix
C, partial fraction expansion yields
! I S
C+p) Q+pmx) ok = pm) Q+ prx)  (pm = pi) 2+ pmx)
so, for k # m,

(A1)

Z

Pk

s Sy e Nzlmzﬂ 1

(P = pm) = (24 prij) (pk—pm) 2+ pmpj) N

v[vm = 00m
j=1

Each eigenvalue p,, obeys the eigenvalue partial fraction (29)

showing that v{vm =0.
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Similarly, for the rows of the orthogonal matrix C, partial fraction expansion

Kk Hm
1 2 2

Q4 xur) QA+ xpm) (k= fm) C+ 13%) * (tm — ) 2+ pmx)

yields
i ocjz _ % i ajz ” ﬁ: oc2
S 2t o) @4 pum) k= pm) S Q) = mm) 524 ﬂmp])

and the eigenvalue partial fraction (28) shows that the right-hand side equals zero.

Appendix 2. the resistance curvature vector p

It seems interesting!® to determine the sign of the component p; in the resistance curvature vector
p = (p1,p2,- .., pN). In the following subsections, we derive several decompositions of the vector p,
apart from

1= u
T —
(ﬂk( Zk) zx + N
k=1
which directly follows from the definition p = %Q( + ﬁ in (3) and spectral decomposition Q =

N-1
2 k=1 U kaZ]?.
We start with two lemmass.

Lemma 12: The all-one or unity vector u is not an eigenvector of the effective resistance matrix Q of a
non-resistance-regular graph.

Proof: It follows (see also [1, Equation (5.30), p. 186]) from the definition (1) and ¢ Ty = RWG that

Qu=N¢ + 36
u= —Uu
Tty

Only if the graph is resistance-regular, then the vector ¢ = 5u and then the vector u is an
eigenvector of Q. |

Lemma 13: The resistance curvature vector p is not an eigenvector of the effective resistance matrix Q
of a non-resistance-regular graph.

Proof: Suppose that the resistance curvature vector p is an eigenvector of effective resistance matrix
Q, belonging to eigenvalue py, then p satisfies the eigenvalue equation Qp = pyp. The orthogo-
nality of the eigenvectors vavj = Jyj indicates that the vector p obeys vap =0foralll <j<N,

except for j = k. It suffices to show that v/ p = 0 for 1 < j < N is not possible in a non-resistance-

regular graph. We give four different arguments. (i) for a non-resistance-regular graph, the condition

that vap = 0in (A2) or (A6 ) would imply that vaij = —p%_ = VJ-Tij, which is only possible in

‘resistance-regular graphs’ (ii) The case v{p = 0in (A3) is only possible if v{ij = 0, which means
that either vy = ﬁ orv; = ﬁ The latter is, again, only possible in ‘resistance-regular graphs. (iii)
Since the resistance curvature vector p is the eigenvector of the matrix QQ2 belonging to the zero
eigenvalue [1, p. 181-182], it holds that QQp = 0. The fact that Qp = pyp would be equivalent to

oau

Qp = 0, which implies thatp = azy = N for some non-zero constant a. (iv) By the definition (2),
it holds that Qp = 202u. If p were an eigenvector satisfying Qp = pyp for some eigenvalue py

10 Private communication with Karel Devriendt.
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of Q, then p = 202 Lemma 12 shows, for a non-resistance- regular graph, that p cannot be an
eigenvector of Q [ |

A.1 Signs of three scalar products

T,
(a) We usepTVj = 202% in (12) into p = zjlil(pTVj)vj, then

—20227'1/]—20 vl—ZUZZuVJ

|PJ}

The Perron-Frobenius Theorem [1, art. 269] of non-negative matrices indicates that the compo-
nents of the principal eigenvector v; are all positive in a connected graph G. Thus, only if j = 1, the
sign(pTvl) = sign(uTvl) > 0, else sign(pTv]-) =— sign(uij).
(b) Introducing the definition p = %Q( + % in (3) shows that
1 ulvy
T T j

Relation pij = %uTVj in (13) then indicates that
c Q _y 202 1 T
v, =2 — — — 7
i s N j

The upper bound 25—12 > % in (68) illustrates that sign((TQvl) > 0, while sign((Tij) = -
sign(uij) for2 <j<N.
(c) Combining %pTVj = uij in (13) and (p; — RWG)uij = N[ij in (14) shows, for uij #0,

that
Rg 2 C’TVJ‘
L2 J— N2
(p TN ) Py,

We deduce for any 1 < j < N that sign((ij) = sign(pij) and ;T:] > 0.
]

Moreover, the quadratic equation
Rg ]
2 2
pr — —p;, —20°N--2L=0
1 N / p7 Vi

has two zeros

R R Ty
pjzii 6 +2 ZN(
2N 2N pTvj

T,
Since ;T—:’ > 0, only for j = 1 we must choose the positive sign, while for j > 2, the negative sign.
j

Rg R¢\? ¢n
= 202N>——
P= 2N+\/(2N) e,

Hence,

and, for2 <j <N,
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A.2 Decomposition of p in the basis of eigenvectors of Q

We further derive expressions for the scalar product v{p. Left-multiplying the first generalized
eigenvalue Equation (10) by va

2 2 (uTv;
v Qj = —;ijTVﬁ (pj ) vip

leads, after invoking orthogonality of eigenvectors v,{vj = 0k = ljk=j)> to

r,_ Py His)
vip =kl
2(ulv;) — uly
Thus, if k = j, then the scalar product is

3PV Qut1

vip= (A2)

uTy;
else, for k # j,

T oy,
T, _ PV QY

Vi P 2 (uij) (A3)

The decomposition p = Z]Iil (pTVj)vj of the resistance curvature vector p in the basis of eigenvectors
V1, V25 . .., VN follows from (A2) and (A3) as

1, .T N
2% Qv 1 pj T
p= (T : vj + T Z (Vk ij) Vi (A4)
u'v 2 (u v]) kT
Since p; > 0 > py, it is convenient to choose j = 1 and (A4) becomes
1 .T N
3P1v1 Qv + 1 P ( T )
= vy + v Qvy) v A5
p ( o ) kZ:; e Qv ) vk (A5)

1 T
where the prefactors EPIZ‘TCETLH d 5 levl)
positive semi-definiteness [1, art. 102], i.e. xTQx > 0 for any vector x, of the Laplacian Q.

Either after using (13) in (A2) and (A3) or after left-multiplying the second generalized eigen-
value equation (11) by vg leads to

are positive, by the Perron-Frobenius Theorem and the

de:—%ﬁw+£g@WO@&)
we obtain, for k = j,
(7) = (s + ) (40
else
vy = (p") (r) (A7)

Equation (A7) determines the sign of pij and pT vy in relation to that of v,vaj.
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