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Abstract

A threshold graph is generated from a single node by repeatedly adding either
a node i connected to all existing nodes with a common link weight w; > 0 or a
node ¢ connected to none. Let G, be a weighted threshold graph encoded by the
weight vector w = (wy,wa, ..., wy) with w; > 0. A closed-form expression for the
pseudoinverse of its Laplacian matrix @Q,, is derived via spectral decomposition,
which yields an explicit formula for the effective resistance matrix €2,,. We present
a detailed structural characterization of the matrix €2, and determine a subset of
the spectrum of the matrix €2, in terms of the weights w;. As an application, we
show that when the missing links of a threshold graph are sequentially added in
nondecreasing order of effective resistance, the threshold property of the graph is
preserved at each step until the complete graph of the same size is obtained.

1 Introduction

We consider an undirected graph G with N nodes and L links. The N x N adjacency
matrix A of graph G possesses entries a;j, where a;; = 1 if two nodes ¢ and j are
adjacent through a link i ~ j, otherwise a;; = 0. Each link ¢ ~ j is assigned a link
weight w;; > 0. The N x N weighted matrix W represents the weight between all
pairs (7, j) of adjacent nodes. The weighted adjacency matrix is A = W o A, where
the Hadamard product o defines the element-wise product a;; = w;ja;;. Following the
notations in the book [1], the weighted Laplacian matrix Q of a graph is defined as Q =
diag(flu) — A, where u represents the all-one vector of dimension N and Au represents
the weighted degree vector with entries d; = (flu)l = Zjvzl w;;a;;. An unweighted
graph can be viewed as a special case in which all link weights are equal to one, i.e.,
W = J, where J is the all-one matrix of dimension N x N. The Laplacian matrix ()
of a connected graph has the spectral decomposition Q = Zdiag(uy,--- , un)Z*, where
1 > -+ > uy = 0 represent the eigenvalues and the normalized matrix Z contains the
Laplacian eigenvectors 2, 2o, - - - , zy in its columns, obeying ZZ7 = ZT7 = I.
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For a real symmetric matrix M with eigenvalues A\, ..., Ay and corresponding or-
thonormal eigenvectors z1, - - - , zy, its Moore-Penrose inverse M is given by

Al
M= Xdlag Z)\— o

where the orthogonal matrix X has columns z,---,xy and the matrix diag(%) =
diag()\%, A ) contains the entries

L5 N#0

The Laplacian matrix () of a connected graph has a single eigenvalue py = 0
as its row sum is zero, which allows the pseudoinverse Q! to be expressed as Qf =
Z]kv 11 le zkzg For notational convenience in the following discussion, we adopt the

convention “—k := 0 whenever p = 0.
The effective resistance |2, 3| between two nodes ¢ and j in a graph is defined as

= QL+ Q! —20L

which quantifies the dissipated power when the current of 1 Ampere is applied between
the nodes i and j. The effective resistance matrix Q € RV*Y is defined as

Q = ¢Cu” +u¢” - 2Q7

where the NV x 1 vector ( = (QH, Q;w e ,Qj\, ~)T contains the diagonal elements of the
pseudoinverse Q. The sum of all entries of the effective resistance matrix 2 defines the
effective graph resistance
u'Qu
2

Since each eigenvector z; of the Laplacian @), for 1 < ¢ < N — 1, is orthogonal to
the all-one vector u, we have Qfu = chv 11 :k zxziu = 0, and hence Rg = Nu'( =
Ntrace(Q) = N V! l%k

Threshold graphs [4] form a special class of graphs constructed by starting from
a single node and subsequently adding either an isolated node (not connected to any
existing nodes) or a dominant node (connected to all existing nodes), until all N nodes
are added to the graph. A weighted threshold graph defined over a node set N' =
{1,..., N} is constructed as follows. The graph is initialized with a single node labeled
1. For each integer ¢ > 2, a new node i is added and connected to each existing node
j€{1,2,...,i—1} by alink of weight w; > 0, where w; # 0 implies that the links i ~ j
have the same link weight w; for all 1 < 7 < i. The unweighted case can be regarded
as a special case where w; € {0,1}. The resulting graph is determined by the N x 1
weight vector w = (w1, ws, ..., wy). Since node 1 has no neighbors that appear earlier
than itself, the value of w; can be chosen arbitrarily; we assign w; = 1 to facilitate later
computations. The weight w; of all the links ¢ ~ 7, for 1 < j < ¢, is determined solely
by the addition of node i. We refer to w; as the weight of node ¢ and denote by G, a
weighted threshold graph encoded by the weight vector w.
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Figure 1: Construction of the graph G,, encoded by weight vector w = (1,0, /2,0, 2).

Figure 1 illustrates the construction of the threshold graph G, encoded by the
weight vector w = (1,1,0,+/2,0,2). At each step, a node i (highlighted in red) is added
and connected to all previous nodes j with the same weight w; for 1 < 7 < 7. The link
colors represent the link weights. Blue, orange and green links have weights 1, v/2 and
2, respectively.

A comprehensive overview of structural and theoretical properties of unweighted
threshold graphs is provided in [5]. Closed-form expressions for the Laplacian spectrum
and the enumeration of spanning trees in an unweighted threshold graph are presented
in [6, 7]. Applications of unweighted threshold graphs in modeling real-world networks
are explored in [8, 9, 10], highlighting their relevance in diverse domains such as ecology,
social networks, and control theory. Recent studies have extended the theory of thresh-
old graphs in various directions. Any two signed threshold graphs with w; € {0, —1,1}
with cospectral Laplacian matrices are necessarily isomorphic [11]. Both combinato-
rial and algebraic approaches are employed to derive formulas for the pseudoinverse
of the Laplacian of unweighted threshold graphs [12|. The equitable partition of the
Laplacians and the relation between the weighted Ferrers diagram and the Laplacian
eigenvalues of weighted threshold graphs are analyzed in [13]. Furthermore, the al-
gebraic structure of the space of all Laplacians corresponding to weighted threshold
graphs is studied in [14].

In this work, we investigate the effective resistance matrix of weighted threshold
graphs. The paper is organized as follows. In Section 2, we introduce the partition of
a weighted threshold graph G,,, the spectral decomposition of its weighted Laplacian
matrix Q, and derive a closed-form expression of its pseudoinverse QI . Section 3
establishes an explicit formula for the effective resistance matrix €2,,, together with a
comprehensive analysis of its structural properties. In Section 4, we investigate the
eigenvalues and eigenvectors of the matrix §2,,,.

2 Preliminary

2.1 Partition of a weighted threshold graph

Let G,, be a weighted threshold graph encoded by weight vector w = (wy,wy, ..., wy)
with wy > 0, which implies that the node NV is adjacent to all other nodes and hence
the graph is connected; conversely, if wy = 0, then node N is isolated and the graph
is disconnected. The weight vector w can be decomposed into alternating segments
of nonzero and zero entries. Since G, is connected, the weight vector w alternates
between nonzero and zero segments, beginning and terminating with a nonzero segment.
Consequently, the node set N'={1,..., N} in a connected threshold graph G, can be



partitioned into disjoint subsets that alternate between nodes with nonzero weights (V'
subsets) and nodes with zero weights (U subsets). More precisely, if there are K sets
of consecutive nodes of zero weights (U subsets), the nodal set "= {1,..., N} can be
expressed as the disjoint union:

2K+1

N=VUlU,UKUUU---UVk UUgkUVia = ] 8 (1)
=1

where V; denotes the i-th nodal subset of nonzero weights and U; denote the i-th nodal
subset of zero weights. The subsets S alternate between V' and U such that Sy =V
and Sy; = U; and each node only belongs to exactly one subset S;. Figure 2 illustrates
the partition of a weighted threshold graph.

We define the union of the first k£ subsets S, = Ule S;. The cumulative size of the
first k subsets is denoted by

k

Us:

=1

Cy = |Sk| =

k
= ISil
=1

which follows that Cox 1 = N.

Figure 2: The partition of node set N = Vi UU, UVo U U, U« U Vg UUg U Vg in
a weighted threshold graph. Each nodal set V; forms a clique of size s;. Each nodal
set U; forms an empty graph of size t;. The link between two sets indicates a complete
bipartite connection, where every node in one set is connected to every node in the
other set.

2.2 Laplacian matrices of weighted threshold graphs

We consider the weighted Laplacian matrices of weighted threshold graphs. We denote
by A, and @, the weighted adjacency matrix and the weighted Laplacian matrix of
a weighted threshold graph G,,, respectively. We also use the following notations.
0,, denotes the all-zero vector of dimension m and wu,, denotes the all-one vector of
dimension m. For matrices, we write O,,y,, for the all-zero matrix of dimension m x n
and J,,x, for the all-one matrix of dimension m X n.
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Based on the construction of a weighted threshold graph G, its weighted adjacency
matrix A, has the following structure

0 Wy W3 -+ ccc WN
Wo 0 Wy e cec W
w3 W3 0 R 11
Ay =
. WN
_wN wy wnN -+ WN 0_

Accordingly, the weighted Laplacian @, = diag(A,u) — A,, is written as

dl _w2 _w3 oo DY _wN
—Wo d2 —w3 - Ce —WpN
—w3 —ws dg - - —wy
Qw =
—wy
|—wy —wny —wy o —wy dy

where d; = (i — 1)w; + Z;V:l 41 w; denotes the weighted degree of node i.
With these definitions, we now present the following theorem on the eigenvalues and
eigenvectors of the matrix @, .

Theorem 1 ([14]). Let G,, be a threshold graph encoded by the weight vector w =
(wy,wa, ..., wy) withw; > 0. The eigenvalues of its Laplacian Q, are p = {p1, 2, -+ , un'},
where iy = 0 and for 2 < k < N

N
M = kwy, + Z wj (2)
J=k+1

The corresponding normalized eigenvectors of the eigenvalue equation

Qu2k = [k 2k
are z1, 2z, -+ , 2y, where z; = \/Lﬁu and for 2 < k < N, the j-th entry of the vector z
1S given by
1 .
k(k—1) J<k
_ 1—k -
(2); = w1 7 k
0 Jj>k

We note that, unlike the convention in many studies [1], where the eigenvalues are
ordered as 1 > po > -+ > py = 0, the eigenvalues py, in (2) are not assumed to follow
any specific magnitude ordering. Instead, we set pu; = 0 and each py, given by (2) is
associated with the addition of node k and without enforcing any ordering.

Lemma 1. Let G, be a threshold graph encoded by the weight vector w = (wy, we, ..., wy)
with w; > 0. If two nodes i and i + 1 have identical node weights for 2 < i < N — 1,
i.e., w; = W;y1, then the corresponding two Laplacian eigenvalues satisfy p; = fuiv1-
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Proof. Substituting w; = w;,1 into (2) directly yields

N k
pi = 1w; + w1 + Z wy = (1 + Dwiyr + Z Wi = flit1
k=i+2 i=it2

O

Lemma 1 implies that if all nodes within a given nodal set share the same node
weight, then these nodes correspond to the same Laplacian eigenvalue. Accordingly, we
adopt the notation

pu = pi, YieUs  pyi=pi, YieVy g =, VieS,

to indicate that all nodes belonging to the same nodal subset U, V, or S possess
identical node weights and thus share a common Laplacian eigenvalue p, py, or g,
respectively.

2.3 Pseudoinverse of the Laplacian of weighted threshold graphs

By exploiting the spectral properties in Theorem 1, we obtain the closed-form formula
of the pseudoinverse QI for any weighted threshold graph. The following theorem
formalizes the result and provides a foundation for subsequent analysis.

Lemma 2. Let G, be a threshold graph encoded by the weight vector w = (wq, we, . .., wWN)
with w; > 0. The pseudoinverse QI of its Laplacian Q. is given by

N

1
QL => —zzf
iy Mk
with the N x N matriz zyz} defined as
ﬁj(kfl)x(kfl) — = uk-1 Oy (v—p)
k2 = — Ui b O (3)
O(N=k)x (k—1) On—&k O(N=k)x(N=k)

where p; =0 and,uj:jwj—I—Z]kV:ijk for2 <j<N.

Proof. With the explicit formula for the eigenvector z, from Theorem 1, the entries of
the matrix 2;z] are given by

1 . .
=1 1<k, j=kori=k j<
(2nzi )y, = (i) = 4 & i_jﬁk g
. -
0 otherwise

from which the matrix z,2{ in (3) follows. Substituting 22/ into Qf, = S~ 2k
completes the proof.
O



3 Effective resistance matrix (2,

In this section, we provide the closed formula of the effective resistance matrix €2, of a
weighted threshold graph G, and present a comprehensive view of the structure of the
matrix €,,. For notational convenience, when referring to an entry (£2,);;, we assume
1 < j, due to the symmetry of the matrix €2,,.

Theorem 2. Let G, be a threshold graph encoded by the weight vector w = (wy, wy, ..., wx)
with w; > 0, its effective resistance matrix €2, is given by

Mo
D=2

with the N x N symmetric matriz Py defined as

Ok-1)x(k-1) w1 k 1i Jh—1)x(N—k)
P, = Aol 0 Eul (4)

k(k;_l)t](ka)x(kfl) %UN#C O(ka)x(ka)

where p; =0 and,uj:jwj—i—zgzjﬂwk for2<j<N.

Proof. Substituting Q! , computed in Lemma 2, into Q;; = Q; + Q;j — QQL« yields

3 L i-1 5 1 i-1 5 1 2
(Qu)ij = + — + + = -2 - 4=
j kzzz:'-i-l k(k —Du — ipg k;ﬂ k(k—1Vpe  jug k:z]% k(k— D, g
i—1 j+1 < 1
= +
UH JH; g.;l (k= 1)k
Ly f
s kng “Dpe G- Dn

Now fix ¢ < j, the entries of Zszl #LkPk are given by

1 Mk 1 Mk “ j—it1 M g1 M
i—1 Z 1 ] N 1
= 0- + Z 4 Z 0. —
k=1 'uk U — k(k = 1u (] —Du k=1 HE
which is exactly (€2,);;- O
For weighted threshold graphs, the effective graph resistance R = N 25:1 l%k can
be directly computed with the definition Rg = “—Q“ without using QI u = 0, because

the entries (£, );; are explicit given in Theorem 2. Due to the symmetry of the matrix



Q, we find that

Since the term m appears when 1 << k—1and £+1 <7 < N, we reindex the

variants and obtain

RGw:Z(N k)k,uk +Z(k_1)(N_k)k‘(k‘—11),uk+Z£
L ((N=kK)(k-1) N—k 1 o1
_;( k TR k)Mk_N;“k

3.1 Structural properties of (2,

The explicit form of the effective resistance €2, serves as a powerful tool for investigating
the structural properties of the matrix €2,. In the following, we provide a detailed
discussion of the relations between the entries of the matrix €2,,.

Property 1. Let G, be a threshold graph encoded by the weight vector w = (wy,ws, ..., wy)

with w; > 0. If two nodes i and 1+ 1 have identical node weights for2 <i < N—1, i.e.,

w; = w1, then the effective resistance satisfies ()41 = ;%’ where the Laplacian

, , . N Z

eigenvalue is j; = tw; + Zj:z‘+1 w;j.

Proof. From Lemma 1, it follows that p; = p;1. The effective resistance (€2,,);; in (5)

can then be simplified as

1—1 ++1 2
_"_ J—

(Qw)i,i—l-l = — ; =
(225 1227} i

O

Property 2. Let G, be a threshold graph encoded by the weight vector w = (wy, wa, . .., wWy)
with w; > 0, whose node set is partitioned as in (1). Assume that all nodes belonging

to the same set share an identical node weight. Then, the effective resistance entries
satisfy (Quw)ap = (Qu)pq for any pair of nodes a,b and p,q such that nodes a,p belong

to the same set and nodes b, q belong to another set.

Proof. Let nodes a,p € S; and nodes b,q € Sj1,, with 1 < m < N — j. The entry
(Qy);; in (5) can be rewritten as

a—1 b
(o) = Z k(k— 1) T D

apla |~
Cj ]+m 1 b—1
a—1 1 1 b
Y e s >
Ha 2 (k=D k=1+C; (k= 1w k=1+Cj 1 m1 k(k = 1) (b — D
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where C’k = ‘UZ 1 S ’ denotes the cumulative size of the first k sets S,. Noting that
pi = ps; for i € S;, we further simplify

o=t (-3 5 (D) B et (L8 (D)

k=1+Cjtm—1

RIS

. . Ciim_
p=1 MS].H) k=14Cjap1 /’LSJ+m j+m—1

m—1
1 1 1 1 1 1 1
— (1o )+ (=)t (1 )
s, < Cj) o Hsjep \Cjp-1 - Ciap)  BSiim Citm—1

(6)

This final expression depends only on the set Sj,---, 5,4, but not on the specific node
indices within these sets. Hence, the equality (€2,)a = (£2u)pq holds for any four nodes
a,p€c S;and b,q € Sjipm. n

3.2 Equitable partition of €2,

Property 2 establishes that the effective resistance between any two nodes depends only
on the subsets to which they belong, provided that all nodes within each subset S; share
the same link weight. In particular, given the partition (1), for any nodes a,p € S; and
b,q € S;, the effective resistances (£2,)q and (£2,),, coincide, which allows us to define
the effective resistance between the subsets S; and S; by

Qs,.5, = (Qw)ap, foranyVaecS;, VbeS;

Consequently, the matrix €2, admits the block structure

arly Pr2J1,2 P1,3J1,3 o Brarmidigr
51,2J1T,2 anly 52,3J2,3 T 52,2K+1 J2,2K+1
Qw = . . .
Broxi o1 BookiiJyonyn Baokiidsonyn - Qaxiilara
_ 2 _ 1 1
where a; = - for each subset S;, and ; ; = <1 — —) + Zk i1 #S (m — C_k> +
us <1 + & ) for any a € S;, b € S;, as derlved in (6). The matrix I; denotes the
\S | x |S;] identity matrix, and .J; ; denotes the |S;| x |S;| all-ones matrix.
Moreover, the partition defined in Eq.(1) induces an equitable partition 7 = {S7, Sa, -+ , Sar 11}

of the matrix Q,. The corresponding (2K + 1) X (2K + 1) quotient matrix 7 is given
by

a1 51,2|52| /@1,3|53| s 51,2K+1|52K+1|
- 51,2\51| Qo 52,3|S3| e 52,2K+1\52K+1|
w == . . . . .
51,2K+1|S1| 52,2K+1|52\ 53,2K+1’S3| s QoK +1

For a more general setting, one may consider an equitable partition in which each
subset Sy;_1 (V) consists of nodes with distinct weights. In this case, only the blocks
corresponding to sets Sy; (U;) can be aggregated into single nodes in the quotient
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matrix, while the remaining nodes must be treated individually. For more details
about equitable partitions, readers are referred to the book|l, p.45|. Furthermore,
Alazemi [12] derived an explicit formula for QI (7) in terms of Q,,(7) and established
a direct relationship between QI (7) and Q] for unweighted threshold graphs. Given
the close connection between effective resistance and the Moore—Penrose inverse of the
Laplacian matrix, it may be possible to adapt similar techniques to derive analogous
reconstruction results for effective resistance matrices. Such an approach may provide
further insight into the relationship between effective resistance and equitable partitions
in threshold graphs.

3.3 (), of unweighted threshold graphs

In the following, we present that additional properties emerge when the node weights
are restricted to w; € {0, 1}, corresponding to unweighted threshold graphs.

Property 3. Let Gy, be a threshold graph encoded by the weight vector w = (wy, wa, . .., wWx)
with w; € {0,1}. Let the node set of G, be partitioned as in (1) and denote S; = JI_, S;
for 2 < j < N. For nodes a,b and x, the following holds:

1. If a,b € S}, then
max{Qu} if 55 =U

D0 =\ infOu} S =V
min{$a} if 55 =

2. Ifac S;_1 and b € S}, then
gég]}{ﬂxb} if S5 =U

Qab = .
gg;{%b} if 5=V

Proof. Let node x € S;_, with 0 < m < j — 1, and denote p, = ps; ., fla =
ps;_ys M = jis,. We distinguish two configurations.
Case 1. a,b € S;. If b€ U, then w, = 0 and py, = ZszbH wy. Hence,

N b N b
Ly = TW, + E Wy = TWy + g Wy + E Wy = TWy + g Wy + Uy = e
k=z+1 k=z+1 k=b+1 k=x+1

Substituting ps, ,, > us; into (6) gives

1 1 | < 1 1> 1 ( 1 )
Qup = 1— + — )= (14
’ :qu_m< Oj—m) Z /’LSp Cp—l Cp MSJ- Oj—l

p=j—m+1
1 1 =1 1 1 1 9
<—|1- ) 414 — 2,

where the last equality follows from Property 1. Thus, €2, = m%x{ﬂxb} when S; = U.
TES;
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For b € V', we have w, = 1 and then pu, = zw, + Zg:xﬂ Wy = TWy + ZZZIH wy, +

ijv pi1 We < bwy + Z,iv:b +1 Wk = pip. Therefore, the inequality reverses, giving {2y, =
min{ .}

z€S;

Case 2. a€ S;_1,b€ S;. Ifbe U, thenaeV (w, =1) and

N a N N
Py = TWy + Z Wy = TWy; + Z W + Z we < aw, + Z Wy = [

k=x+1 k=z+1 k=a+1 k=a+1

Substituting ps,_,, < ps;_, into (6) yields

1 1 | 1 1 1 1
<1_ Ve 8 (L)t (1)
:qu_m Oj—m pjzm—i—l /’LSp Cp—l C1p /'LSJ- C1j—1

> (-a)) o ()
[l /sz_l p=j—m+1 Cp /sz Cj—l

1 1 1 1
_ - L1 (1 . ) _o,
14s; < Cj—1> Its; Cja ’

Therefore, Qg = mgn{Qxb} for S; = U. Conversely, if b € V, then we have a € U and
TEO;

Ly > [ig, leading to the reverse inequality and Q4 = m%X{Q$b}.
TES;
]

Property 3 further establishes the following bounds on the effective resistance for
nodes from different sets given the partition (1).

Property 4. Let G, be a threshold graph encoded by the weight vector w = (wy, wa, . .., wWy)
with w; € {0,1}. Let the node set of G, be partitioned as in (1). For set S; and all
sets S; for 1 <i < j, the following bounds on the effective resistance (s, s, holds:

1 Qs 15, < Qg5 <Qs,5,, 1f 5=U
2. Qs,5, < Qs,5, <Qs,_,5,, ifS;=V

Example. Given a threshold graph G,, with N = 11 nodes and encoded by the
weight vector w = (1,1,0,0,1,1,0,0,0,1,1). All the nodes in G,, can be partitioned
as N = ViUU UV, UUy,UVs, where Vi = {1,2}, Uy = {3,4}, Vo = {5,6}, V, =
{7,8,9} and V; = {10,11}. Theorem 1 indicates that its Laplacian eigenvalues are

={0,6,4,4,8,8,2,2,2,11,11}. Table 1 presents the effective resistance matrix €2, of
the graph G,,.

Due to the symmetry of the matrix €, it suffices to examine only its upper trian-
gular part, which is enclosed by the red dashed line. Within each block, all entries of
the matrix €2, are identical, which confirms Property 2. More precisely, if two nodes
belong to the same set .S;, then their mutual effective resistance is given by —=_ which
is formalized in Property 1. For two nodes belonging to different sets, the effectlve
resistance between them lies within analytically derived bounds in Property 4.
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Vi={1,2} Uy ={34} Vs = {5,6} Uy = {7,8,9} Vi = {10,11}

0 03330458 0458 0302 0302: 074 074 074 1028 0285 Vi={1,2)
0333 0 10458 0458 0302 0302 074 074 074 10285 0285
0458 0.458 1[0 050344 0844 0781 0781 0.781 1 0.327  0.327

0.458  0.458 1 0.5 0 /0344 0344 0781 0781 0.781 10327 0.327 Ur=14
0302 0302 0344 0344100 025 0688 0.688 0688 ' 0233 0233

0302 0302 0344 0.344 1 0.25 0 /0688 0688 0688 @ 0233 0233 =056
0.74 074 0781 0781 0.688 0.688 /0 T 1 10545 0545

0.74 074 0781 0.781 0.688 0.688 1| 1 0 10545  0.545 Uz = {7,8,9}

074 074 0781 0781 0.688 0688 | 1 1 0 0545 0545
0285 0285 0327 0327 0233 0233 0545 0545 0545 1| 0 0182
0285 0285 0327 0327 0233 0233 0545 0545 0545 | 0182 0 Vs = {1011}

Table 1: The effective resistance matrix €2, corresponding to the threshold graph G,,
encoded by the weight vector w = (1,1,0,0,1,1,0,0,0, 1, 1). The matrix is divided into
block structures (highlighted by red dashed lines). For each column of blocks, the blue
and pink backgrounds indicate the lower and upper bounds of the effective resistance,
respectively.

4 Eigenvalues and eigenvectors of ¢},

4.1 Eigenvalues and eigenvectors of the matrix P,

We recall that the effective resistance matrix €2, of a weighted threshold graph G, is
given by Q, = Efle M%Pk with the matrix P, defined in (4). The matrix Jiz_1)x(n—r)
has eigenvalue 0 with multiplicity N —k—1 and an eigenvalue of N —k with multiplicity
1. The vector uy_; is the eigenvector associated with its nonzero eigenvalue N —
k. Therefore, the block structure of P, enables a systematic characterization of its
eigenvalues and eigenvectors, which we establish in Theorem 3.

Theorem 3. Let P, with k > 4 be the N x N matriz defined in (4). Its eigenvalue
equation Ppx = Az admits the following eigenvalues and corresponding eigenspaces:
(1) A = 0 with multiplicity N — 3. The corresponding eigenspace is

o
r= 10| eRY, 2Tu,_, =0, riun =0 (7)
T3

_ 2
(2) The nonzero eigenvalues are the zeros of the polynomial —2—}-%—1— (VSR M 2 EEN)A

k(k—1)

A3 = 0. The corresponding eigenspace is

QUp—1 3

E°A+(E—=1)(N -k
r=| 8 |eRY, a=knv-(k-1)8, f= W;_l))im )y R

YUN—k
Proof. We discuss the two cases: A =0 and A # 0.
Case 1: A =0.
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Let © = [z1, x2, asg]T be the eigenvector associated with A = 0, where z; € R¥"!, 2, € R
and z3 € RV, The eigenvalue equation P,z = Az for A = 0, by expressing Jk—1)x (N—k)
as uy_juk_,, then becomes

k 1 T
T—1 Uk—1T2 + k(k— 1)Uk 1UN_T3
kT
P.x = = Uk 1m1 + k uN 5 T3 =0pn
(k 1)UN kuk 121 + UN kLo

From the first and third rows, we obtain z, = —Luk_,z3 = — 1)2 ul ,x1. Substitut-

ing these expressions into the second row yields 2(k — 1)kzy = 0. Hence, z5 = 0, and
therefore ul, 3 =0and u!  z; = 0, which indicates that the vector  must obey the
form in (7).

Therefore, the null space of the matrix P, consists of vectors orthogonal to both
uk—1 and uy_g, giving that matrix Py has the eigenvalue 0 with multiplicity (k — 2) +
(N—-k—-1)=N-3.

Case 2: )\ # 0.
All the remaining eigenvectors of P should be orthogonal to those eigenvectors corre-
sponding to A = 0 and hence have the form

QUE—1

r=| B (8)

YUN—k

with scalars a, 5,7 € R.
Substituting (8) into the eigenvalue equation Pyx = Az gives

%5%-1 + %7%—1 QU1
Pyx = ko + —(k_l)]iN_k)v =A B
Tauy_1 + 2L fuy_y TUN—k

which reduces to the 3 x 3 eigenvalue equation

0 k N—k
k—1 k(k—1) «Q «Q

E 0 w Bl =\ 9)

1 Al 0 Y ¥

Its characteristic polynomial is
3N —3k(1+N)+E*(3+N)) A 2N
—\3 ( —24+—=0
+ 1+ k)k T

whose three roots yield the remaining nonzero eigenvalues of Py.
Next, we determine the scalars «, § and . We express « in terms of 3, from the
third row of (9) to obtain
a=k\»y—(k—-1)p

Substituting « into the second row of (9) leads to

A+ (k — 1)(N — k)
k2(k — 1) + kA

Therefore, «, f are expressed in terms of A and a free scaling factor ~.

8=
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While the reduction to the three-dimensional invariant subspace provides a direct
route to the nonzero eigenvalues of Py, the same result can also be obtained by treating
Py — My as a 2 x 2 block matrix and applying the Schur complement formula [1]. Write
P — My in 2 x 2 blocks form

A B
P, — My = {C D}
where
k 1
A= =X B = Wk mj(k—l)X(N—k)
LUTi A\ k— lu
k(—1) ¢ (N—k)x (k—1) 7 UN—k N—k
Since A~ = —%Ik_l for A # 0, the Schur complement formula gives

det(P, — My) = det(A)det(D — CA™B) = (—=\)* ' det (D + %CB)

Applying u} u;_y =k — 1 and Jh—1)x (N—k) = Up— 1k, leads to

k2 LT
CB = k 1 1k71 N—kT
T 1UN ko R2k—1) UN-KUN_F
Hence,
2 k—1 1 T
1 —A+ A(ll:q) (T Y= 1)) UN
D+XCB_ Ly ) —MN_k 4 s UN— KU
k Mk—1) ) “N—-k N—k T Xg2(k—1) "N—k*N—k

Applying Schur complement again to D—l—%CB and denoting F := —\[+ mu N_kUN 4,
we obtain

det D+1CB =det (E) [ -\ + L k_1+ ! S Bt
¢ \ - Mk —1) ko Ak 1)) “NokT Nk

The matrix F has eigenvalue —\ with multiplicity N —k—1 and eigenvalue — A+ 55—+ /\,@( - 1)
with the corresponding eigenvector uy_x, which leads to

N . Nk UN—kUN-k = T Nk
—A+ N2 (k—1) —A+ N2 (k—1)

T -1

We rewrite det (D + %CB) as

det <D + %CB> = (=N (—A + % ) (‘A * )\(kki - (A(;f&zf)f 1+) k>2 A(f Ak]: op
2

o e i (g 2 )
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Finally, we reach

A ] e o B
_ N [ EAE Y ;22[(_161; DA+ % N 2]
Ve i kA + (N —kljz fﬁﬁ)— 3kA+3)) % N 2]

which gives the same spectrum obtained in the earlier proof.

4.2 Eigenvalues and eigenvectors of (2,
The eigenvalue equation of the effective resistance matrix €2 is defined as
Qui, = prok

where p; is the j-th eigenvalue of () belonging to the normalized eigenvector v; for
1 < 5 < N. The relation between the eigenvalues of the Laplacian )., and the effective
resistance matrix §2,, is stated in the following interlacing Theorem.

Theorem 4 (|15, 16]). In a connected graph G, the eigenvalues py, pa,...,pn of its
effective resistance matrixz 2 interlace with those of the Laplacian matriz ) as

2 2
pPr>0>——>p>—— > >

> PN-1 = — > PN

1 Mo N2 MN-1
where py > -+ > uy = 0 represents the eigenvalues of the Laplacian Q) of the graph.

The Interlacing Theorem shows that, if u, = pg_1, then pp = —Mlk. In other words,
when a graph has Laplacian eigenvalues of multiplicity larger than 1, then equality
Pk = —Mlk occurs. In the case of threshold graphs, Property 1 shows that the multiplicity
of an eigenvalue is determined by the weight vector w. Hence, we have the following
result.

Theorem 5. Let G, be a threshold graph encoded by the weight vector w = (wy, we, ..., wWy),

where the node weights satisfy w; > 0, for 1 < i < N —1 and wy > 0. If two node
weights w; = w;yq for 2 <1 < N — 1, then the effective resistance matrix (), of graph

G, has eigenvalue p; = — =2 )
v g pi (Z+1)wi+zivzi+2 W

Proof. The assumption w; = w;,; implies, by Lemma 1, that the two Laplacian eigen-
values satisfy p; = p;o1 Thus, we directly obtain

—2 —2

p= ;
e (i Dwi+ Yo w

from Theorem 4, where pu; = pip1 = (i + Dw; + fozz Lo Wi 18 established in Theorem
1. O
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Theorem 5 shows that whenever the weight vector w of graph G, contains k pairs
of consecutive equal weights, the effective resistance matrix €2, possesses at least k ex-
plicitly identifiable eigenvalues. In addition, for every weighted threshold graph G, one
can always construct an eigenvector associated with the eigenvalue —%, guaranteeing
at least one fully determined eigenpair of €2, independently of the particular choice of
weights.

Property 5. Let G, be a threshold graph encoded by the weight vector w = (wy, wa, . .., Wy ),
where the node weights satisfy w; > 0, 1 <i < N—1 andwy > 0, its effective resistance

Q. has the eigenvalue p = ——=%—— and the corresponding normalized eigenvector
2w2+2k:3 Wy
1 1

v = [757 _\/QaON—Q]T-

Proof. By the definition of the matrices P, in (4), each Py has identical entries in its first
two columns except in the first two rows. Since the effective resistance matrix is given
by Q, = Z]kvz1 HikPk, the same structural property is inherited by €2,. Substituting v
into the eigenvalue equation €2,v = pv yields

2 2 2
Qoo |_Y2 Y2 g Z 2,

j25) ’ 2 2

5 An application

In this section, we provide an application of our results concerning the structural prop-
erties of the effective resistance matrices €2,,, as discussed in Section 3. Consider an
unweighted threshold graph G,, encoded by the weight vector w = (wy, - - ,wy) where
w; € {0,1}. The graph has N nodes and M = S_N (i—1)w; links. A natural problem is
to determine how to add a link to GG,, such that the resulting graph remains a threshold
graph, and to identify the corresponding updated weight vector.

Given graph G,, with N nodes and M links and its weight vector w = (wy, -+, wy)
with w; € {0,1}, a new threshold graph with N nodes and M + 1 links can be con-
structed by performing the steps:

(I) Selection: Choose two nodes i and i + 1 satisfying w; = 1 and w;;1 = 0.

(IT) Link addition: Insert a link between nodes i and i + 1.

(ITII) Reordering: Interchange the nodes i and ¢ + 1 to obtain a new graph G, with
weight vector w’ = (wf, - - ,wly) where w; = 0, wj,; = 1 and wy = w; for j ¢ {i,i+1}.

The structure of an unweighted threshold graph is determined by whether each node
is dominant or isolated, together with the relative ordering of the nodes. In step (I), a
dominant node i and an isolated node i + 1 are selected. In step (II), the addition of
a link between these two nodes increases the total number of links from M to M + 1.
In step (III), after interchanging their positions, node i becomes isolated, since it is
no longer adjacent to any preceding node, while node ¢ + 1 becomes dominant, as it is
adjacent to all nodes that precede it. Because the modification affects only the local
structure involving nodes ¢ and 7 + 1, the adjacency relationships among the remaining
N — 2 nodes remain unchanged. Consequently, the resulting graph G’ preserves the
threshold property and contains exactly one additional link.
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2 3 2 3 3

2

w=[1,1,0,1,0,1] w'=[1,0,1,1,0,1]

1) (I (1)

Figure 3: From a threshold graph G, with M = 7 links and weight vector w =
[1,1,0,1,0,1] to a threshold graph G’ with M’ = 8 links and weight vector w' =
[1,0,1,1,0,1]. A link is added between the dominant node 2 and the isolated node 3
(dashed link). After relabeling, node 2 becomes isolated and node 3 becomes dominant
(blue links). All the remaining nodes are unchanged.

The example in Fig. 3 illustrates the link-addition procedure described above. In
step (I), the consecutive entries [1,0] corresponding to nodes 2 and 3 are chosen in the
original threshold graph G,. In step (II), a link is added between these two nodes,
thereby increasing the total number of links by one. Finally, in step (III), after inter-
changing their positions, we obtain a new threshold graph G, which preserves the
threshold property and contains one additional link compared with the original graph
Gy .

Since a weight vector w may contain multiple subsequences of the form [1, 0], there
may exist several possible choices in step (I) of the link-selection process. The entire
process, from a threshold graph G, to a complete graph Ky of the same order, can be
viewed as a tree process with G, serving as the root and Ky serving as the leaves. A
threshold graph G, contains M = >~ (i — 1)w; links, while the number of links in a

complete graph Ky is L = w Hence, the height of the tree from the root G, is
given by
N(N-1) <
L—M:T—Z(z—l)wi

i=1
We denote by G(w, k) the threshold graph obtained by adding £ links to an initial
threshold graph G, through iterative application of the above procedure. To construct
G(w, k), one starts from G,, and follows a branch of length % in the corresponding tree.
Figure 4 illustrates how the evolution of the weight vector w from the threshold graph
G, encoded by weight vector w = [1,1,0,1,0, 1] to the complete graph Kg encoded by
weight vector w = [1,1,1,1,1,1].

The modification affects only the local structure of nodes ¢ and ¢+ 1. Consequently,
only the Laplacian eigenvalues j; and ;41 change to y; and 7, , while the remaining
N — 2 Laplacian eigenvalues remain unchanged, i.e., w; = w; for j # i and j # i + 1.
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(1,1,0,1,0,1)

(1,0,1,1,0,1) (1,1,0,0,1,1)
(1,1,1,1,0,1) (1,0,1,0,1,1) (1,0,1,0,1,1)
(1,1,1,0,1,1) (1,1,1,0,1,1) (1,0,0,1,1,1) (1,1,1,0,1,1) (1,0,0,1,1,1)
(1,1,0,1,1,1) (1,1,0,1,1,1) (1,1,0,1,1,1) (1,1,0,1,1,1) (1,1,0,1,1,1)
(1,0,1,1,1,1) (1,0,1,1,1,1) (1,0,1,1,1,1) (1,0,1,1,1,1) (1,0,1,1,1,1)
(1,1,1,1,1,1) (1,1,1,1,1,1) (1,1,1,1,1,1) (1,1,1,1,1,1) (1,1,1,1,1,1)

Figure 4: Evolution of the weight vector w from an initial threshold graph G, encoded
by w = (1,1,0,1,0, 1), to the complete graph K4 encoded by w = (1,1,1,1,1,1), while
preserving the threshold condition. After each step, the corresponding weight w; of
node 1 is automatically updated to 1.

By Theorem 1, the Laplacian eigenvalues before and after the modification satisfy

N N N
wi=(—1)+ ij:(i—l)—i- ij, Mit1 = ij,

j=it1 j=i+2 j=i+2
N N N
/ / / . !/
i = E w; =1+ E wj =14 fig1, Py =1+ E w; =14 p;
j=it1 j=it2 j=i+2

The corresponding reduction of the effective graph resistance is therefore

Y1
Ra, —Re, =N) (———,)

Since only g and !, , are changed, this reduces to
2% :uz-l—l

R R N ( ! + ! ! ! ) N( L + ! )
G. —Ra, =N |— - == =
R RS N A (s + 1) pia (i1 + 1)

1 1
(A )
((Miﬂ +i— D (i1 +4)  pia (i +1)

1 1
=N +
N . N . N N
((ijﬂ wj+1— 1)(Zj:i+2 wj + i) Zj:i+2 wj(z]':i+2 wj + 1))
Each isolated node 7 € U is associated with ¢ —1 missing links in the threshold graph
relative to the complete graph of the same order. The number of candidate node pairs
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k at step (II) equals the number of subsequences of the form [1, 0] in the weight vector
w. Let nodes a € V; and b € U; form one of these [1,0] subsequences. According to
Property 4, the effective resistance €2,, = 2y, y, between nodes a and b is the smallest
among all effective resistances €2, for < b. This observation implies that, among
all node pairs with missing links, those forming [1, 0] subsequences exhibit the lowest
effective resistances. Therefore, the link addition process prioritizes one of the k node
pairs with the smallest effective resistances.
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